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by distinct vertices. Let ex,(n,F) denote the maximum
Hypergraph Turdn numbers number of. e.dges in an r-uniform hypergraph with n vertices
Expansions of graphs not containing any copy of F. The authors [10] recently
Forests determined exsz(n, GT) when G is a path or cycle, thus settling
Crosscuts conjectures of Fiiredi-Jiang [8] (for cycles) and Fiiredi-Jiang—
Seiver [9] (for paths).
Here we continue this project by determining the asymptotics
for exs(n,G') when G is any fixed forest. This settles a
conjecture of Fiiredi [7]. Using our methods, we also show
that for any graph G, either exs(n,GT) < (% +o(l)) n? or
exs(n, G1) > (14 o(1))n?, thereby exhibiting a jump for the
Turdn number of expansions.
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1. Introduction

An r-uniform hypergraph F', or simply r-graph, is a family of r-element subsets of a
finite set. We associate an r-graph F' with its edge set and call its vertex set V(F'). Given
a set of r-graphs F, let ex,.(n, F) denote the maximum number of edges in an r-graph on
n vertices that does not contain any r-graph from F. When F = {F'} we write ex,(n, F).
We will omit the subscript r in this notation if it is obvious from context, and this paper
deals exclusively with the case r = 3. Let G be a graph, and for each edge e € G let X,
be a set of r — 2 vertices so that X, N V(G) = 0 and X. N Xy = ) when e # f. The
r-uniform ezpansion GT of a graph G is the r-graph G = {eU X, : ¢ € G}.

Expansions of graphs include many important hypergraphs whose extremal func-
tions have been investigated, for instance when G is a triangle and more generally a
clique [7-13]. Even the simplest case of the expansion of a path with two edges is non-
trivial, in this case we are asking for two hyperedges intersecting in exactly one point.
Here the extremal function was determined by Frankl [5], settling a conjecture of Erdés
and Sos. If a graph is not r-colorable then its r-uniform expansion G is not r-partite,
so ex,(n,G1) = Q(n"). We focus on ex,(n, G) when G is r-partite, where a well-known
result of Erdés [1] yields ex(n, G*) = O(n"¢¢) for some eg > 0.

The authors [10] had previously determined ex3(n, G1) exactly (for large n) when G
is a path or cycle of fixed length k > 3, thereby answering questions of Fiiredi—Jiang—
Seiver [9] and Fiiredi-Jiang [8].

1.1. Results

A set of vertices in a hypergraph F' containing exactly one vertex from every edge of
F is called a crosscut, following Frankl and Furedi [6]. Let o(F') be the minimum size of
a crosscut of F' if it exists, i.e.,

o(F) :=min{|X|: X CV(F),Vee F,len X| =1}

if such an X exists. We observe that crosscuts always exist for expansions.
Since the r-graph on n vertices consisting of all edges containing exactly one vertex
from a fixed subset of size o(F) — 1 does not contain F, we have

r—1

ex,(n, F) > (o(F) — 1) (" —o(F)+ 1) ~ (0(F) =1+ o(1)) (T " 1). (1)

An intriguing open question is when asymptotic equality holds above and this is one
of our motivations for this project. Indeed, it appears that the parameter o(F') often
plays a crucial role in determining the extremal function for F. The value of ex3(n, GT)
was determined precisely by the authors [10] when G is a path or cycle. Fiiredi [7]
determined the asymptotics when G is a forest and r > 4, by showing that ex,.(n, G1) =
(0(GT)—140(1))(,",)- Fiiredi’s proof involved extensive use of the delta system method
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