Topology and its Applications 232 (2017) 214-221

Contents lists available at ScienceDirect

Topology and its Applications

www.elsevier.com /locate /topol

Notes on countable tightness of the subspaces of free (Abelian) @ CossMark
topological groups

Fucai Lin "', Zigin Feng”, Chuan Liu®

& School of Mathematics and Statistics, Minnan Normal University, Zhangzhou 363000, PR China
b Department of Mathematics and Statistics, Auburn University, Auburn, AL 36849, USA
¢ Department of Mathematics, Ohio University Zanesville Campus, Zanesville, OH 43701, USA

ARTICLE INFO ABSTRACT

Article history: Given a Tychonoff space X, let F(X) and A(X) be respectively the free topological
Rece%"ed _28 SePtember 2017 group and the free Abelian topological group over X in the sense of Markov. For
;{(;elc;lved in revised form 11 October every n € N, let F,,(X) (resp. A,(X)) denote the subspace of F(X) (resp. A(X))

that consists of words of reduced length at most n with respect to the free basis X.
In this paper, we mainly discuss the subspaces Fy,(X) and A, (X) with countable
tightness for a Lasnev space X, and prove that:

Accepted 13 October 2017
Available online 18 October 2017

MSC: (1) Assume b = w;. For a non-metrizable Lasnev space X, the tightness of F5(X)

primary 22A30 is countable if and only if the tightness of F'(X) is countable;

secondary 54D10, 54E99, 54H99 (2) Let X be the closed image of a locally separable metrizable space. Then the
tightness of A4(X) is countable if and only if the tightness of A(X) is countable.

Keywords: © 2017 Elsevier B.V. All rights reserved.

Countable tightness

Lasnev space

Free topological group

Free Abelian topological group
Locally separable metrizable space

1. Introduction

Throughout this paper, all topological spaces are assumed to be at least Tychonoff, and all mappings are
continuous and onto unless explicitly otherwise stated. Free (Abelian) groups over metric spaces have been
widely discussed. In this paper, we shall consider the countable tightness of the subspaces of free (Abelian)
groups over Lasnev spaces, which are the closed images of metric spaces.

A space X is of countable tightness if the closure of any subset A of X equals the union of closures of all
countable subsets of A, and the tightness of a space X is denoted by #(X). In [5], the authors showed that
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for a Lasnev space X, the tightness of F/(X) is countable if and only if X is separable or discrete. Moreover,
in [7, Theorem 3.1], the authors showed that for a Lasnev space X, the tightness of F'(X) is countable if
and only if the tightness of Fg(X) is countable. Therefore, it is natural to pose the following question:

Question 1.1. Let X be a Lasnev space. If the tightness of the subspace F,(X) is countable for some n <8,
is the tightness of F(X) countable?

In [13], K. Yamada proved that for an arbitrary metrizable space X, the following statements are equiv-
alent: 1), the subspace A4(X) is of countable tightness; ii), A(X) is of countable tightness; and iii), the set
of all non-isolated points of X is separable, and A3(X) is of countable tightness. Therefore, the tightness of
A3(B <y, Ca) is countable, and the tightness of A4(P,, .,
of {0} U{+ : n € N} being the subspace of Euclidean space R. It is natural to pose the following question:

C\) is uncountable, where each C,, is a copy

Question 1.2. Let X be a Lasnev space. If the subspace A,(X) is of countable tightness for some natural
number n > 3, is A(X) of countable tightness?

In section 3, we give an answer to Question 1.1 in a class of non-metrizable Lasnev spaces under some
set theory hypothesis. In section 4, we give an answer to Question 1.2 in some class of Lasnev spaces, and
prove that if X is the closed image of a locally separable metrizable space, then the tightness of A4(X) is
countable if and only if the tightness of A(X) is countable.

2. Preliminaries

In this section, we introduce the necessary notations and terminologies. First of all, let N be the set
of all positive integers and w the first infinite ordinal. For a space X, we always denote the set of all the
non-isolated points in X by NI(X). For undefined notations and terminologies, the reader may refer to [2],
(3], [4] and [9].

Let X be a topological space and A C X be a subset of X. The closure of A in X is denoted by A.
Moreover, A is called bounded if every continuous real-valued function f defined on A is bounded. The space
X is called a k-space provided that a subset C' C X is closed in X if C'N K is closed in K for each compact
subset K of X. A subset P of X is called a sequential neighborhood of x € X, if each sequence converging
to z is eventually in P. A subset U of X is called sequentially open if U is a sequential neighborhood of
each of its points. A subset F' of X is called sequentially closed if X \ F' is sequentially open. The space X
is called a sequential space if each sequentially open subset of X is open.

Let & be a family of subsets of a space X. Then, & is called a k-network if for every compact subset
K of X and an arbitrary open set U containing K in X there is a finite subfamily £’ C & such that
K C|JZ2 CU. Recall that X is an R-space (resp. Ro-space) if X has a o-locally finite (resp. countable)
k-network. We list two well-known facts about the Lasnev spaces as follows.

Fact 1. A Lasnev space is metrizable if it contains no closed copy of S,,.
Fact 2. A Lasnev space is an R-space if it contains no closed copy of S, .

Let X be a non-empty space. Throughout this paper, X ! = {z71: 2 € X} and - X = {-2: 2 € X},
which are just two copies of X. For every n € N, F,(X) denotes the subspace of F(X) that consists of
all words of reduced length at most n with respect to the free basis X. The subspace A, (X) is defined
similarly. We always use G(X) to denote topological groups F(X) or A(X), and G,,(X) to F,,(X) or A,(X)
for each n € N. Therefore, any statement about G(X) applies to F(X) and A(X), and G, (X) applies to
F(X) and A(X). Let e be the neutral element of F(X) (i.e., the empty word) and 0 be that of A(X). For
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