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Quantale-valued Topological Spaces via Closure and Convergence
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bDepartment of Mathematics and Statistics, York University, Toronto, Ontario, Canada, M3J 1P3

Abstract

For a quantale V we introduce V-valued topological spaces via V-valued point-set-distance functions and, when
V is completely distributive, characterize them in terms of both, so-called closure towers and ultrafilter convergence
relations. When V is the two-element chain 2, the extended real half-line [0,∞], or the quantale Δ of distance distri-
bution functions, the general setting produces known and new results on topological spaces, approach spaces, and the
only recently considered probabilistic approach spaces, as well as on their functorial interactions with each other.

Keywords: quantale, V-valued closure space, V-valued topological space, discrete V-presheaf monad, lax
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1. Introduction

Lowen’s [17] approach spaces provide an ideal synthesis of Lawvere’s [16] presentation of metric spaces (as small
[0,∞]-enriched categories) and the Manes-Barr [19, 1] presentation of topological spaces in terms of ultrafilter con-
vergence, as demonstrated first in [4]; see also [12]. Several authors have investigated probabilistic generalizations of
these concepts (see in particular [20, 3, 11, 14]), which suggests that a quantale-based study of generalized topological
spaces should be developed, in order to treat these and other new concepts efficiently in a unified manner, in terms of
both, “distance” or “closure”, and “convergence”. In this paper we provide such a treatment, working with an arbitrary
quantale V = (V,⊗, k) which, for the main results of the paper, is required to be completely distributive. For V = 2
the two-element chain, our results reproduce the equivalence of the descriptions of topologies in terms of closure and
ultrafilter convergence; for V = [0,∞] (ordered by the natural ≥ and structured by + as the quantalic ⊗), one obtains
the known equivalent descriptions of approach spaces in terms of point-set distances and of ultrafilter convergence;
for V = Δ the quantale of distance distribution functions ϕ : [0,∞] �� [0, 1], required to satisfy the left-continuity
condition ϕ(β) = supα<βϕ(α) for all β ∈ [0,∞], the corresponding equivalence is established here also for probabilistic

approach spaces. A major advantage of working in the harmonized context of a general quantale is that it actually
makes the proofs more transparent to us than if they were carried out in the concrete quantales that we are interested
in.

While this paper is built on the methods of monoidal topology as developed in [6, 5, 12] and elsewhere (see in
particular [13]), in this paper we emphasize the lax-algebraic setting presented in [22], which is summarized in this
paper to the extent needed. This setting is in fact well motivated by Lowen’s original axioms for an approach space
(X, δ) in terms of its point-set distance function δ : X × PX �� [0,∞], listed in [17] with PX = 2X , as follows:

(D1) ∀x ∈ X : δ(x, {x}) = 0,
(D2) ∀x ∈ X : δ(x, ∅) = ∞,
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