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Theorem 0.1. Let G be a graph and let f : G — 29 be an upper semi-continuous function. If the inverse
limit P = @{G, f} with the single upper semi-continuous bonding function f is a polyhedron, then P is a
dimensionally stepwise space, i.e., for any natural number i with 1 < i < dim P, P has a free i-simplez.

Theorem 0.2. If f : G — 2% is an upper semi-continuous function on a graph G such that dim D;(f~1) <0
and W({G, f}) < oo, then the inverse limit Um{G, f} with the single upper semi-continuous bonding function
f is a dimensionally stepwise space.

Theorem 0.3. Suppose that I, (i € N) is a sequence of the unit interval I = [0,1] and K; is a finite
simplicial complex in I; X I;+1 satisfying that for any x € L1y, (I; x {z}) N |K;| # 0 and for any y € I;,
({y} x Iiz1) N|K;| is a nonempty connected set (=a closed interval). Let f; iv1: i1 — 25 be the surjective
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upper semi-continuous function defined by G(f;i41) = |K;|. Then Egl{[i,fi7i+1} is an AR. Moreover, if
dim |K;| <1 (i € N) and [({I;, fiis1}) =0, then Um{Z;, fi i1} s a dendrite.

1. Introduction

Inverse limits with bonding maps have played very important roles in the development of topology and
topological dynamical systems. In fact, every complicated compactum can be represented by an inverse
limit of finite polyhedra and simple bonding maps and conversely, inverse limits with simple bonding maps
are very useful to construct complicated spaces.

In 2004, Mahavier started studying inverse limits with set-valued functions as inverse limits with closed
subsets of the unit square [0, 1] x [0,1] ([13]). Since then, several topological properties of inverse limits of
compacta with upper semi-continuous set-valued functions have been studied by many authors (see [1,3,
6-11,13-15]). In [8,10], Ingram and Mahavier discussed several results concerning connectedness, indecom-
posability and dimension of such inverse limits. Also, they investigated many interesting examples of such
inverse limits of set-valued functions from the unit interval I = [0, 1] to I. Such examples give us important
suggestions on understanding of inverse limits. Main ideas of the present paper follow from such examples.
The study of such inverse limits has developed into one of rich topics of continuum theory. Note that there
are many differences between the theory of inverse limits with mappings (=single valued functions) and
the theory with set-valued functions. Bani¢, Nall and Ingram studied topological dimension of such inverse
limits (see also [1,8-10,14]). It is well-known that inverse limits of sequences of single-valued continuous
functions (=mappings) have dimension bounded by the dimensions of the factor spaces. In [14], Nall proved
that inverse limits of sequences of upper semi-continuous set-valued functions with O-dimensional values
have dimension bounded by the dimensions of the factor spaces. In [3], Charatonik and Roe investigated
trivial shape properties of such inverse limits (see also [11]). The following general problem remains open.

Problem 1.1. What compactum can be obtained as an inverse limit with a sequence of upper semi-continuous
bonding functions on graphs, especially [0,1]?

Especially, we have the following problem.

Problem 1.2. What compactum can be obtained as an inverse limit with a single upper semi-continuous
bonding function on a graph, especially [0, 1]?

In [7], Illanes proved that a simple closed curve is not an inverse limit on [0,1] with a single upper-
semicontinuous bonding function. In [15], Nall proved that the arc is the only finite graph that is an inverse
limit on [0, 1] with a single upper-semicontinuous bonding function. Also, in [14] Nall showed that an inverse
limit with a single upper semi-continuous bonding function on [0, 1] cannot be an n-cell (n > 2). In [11], to
evaluate the dimension of the inverse limit of given inverse sequence {X;, fi;+1}52, of compacta with upper
semi-continuous set-valued functions, we defined an index J({X;, fiit1})- In this paper, we will introduce
other indexes I({X;, fiit1}) and W({Xj, fiis1}), and by use of the indexes we investigate the topological
structures of inverse limits of graphs with upper semi-continuous set-valued functions. We give some partial
answers to the above two problems.

2. Definitions and notations
In this paper, we assume that all spaces are separable metric spaces and maps (=mappings) are continuous

functions. We use dim X for the topological dimension of a space X. A space X is a dimensionally stepwise
space if dim X < oo and for any 1 < m < dim X there is an open set U,, of X such that dim U,, = m.
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