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For a metrizable functor F and a point ξ ∈ F(Y ) (Y is a compact metric space) we 
define lower and upper metric orders o(ξ) and o(ξ) as a numerical characteristic of 
an approximation of ξ by points ξn ∈ Fn(Y ). If F is the exponential functor exp
then o(ξ) and o(ξ) coincide, respectively, with classical lower and upper capacitarian 
dimensions dimBξ and dimBξ of a closed subset ξ ⊂ Y . We establish some properties 
of o(ξ) and o(ξ) and pose several questions.

© 2017 Elsevier B.V. All rights reserved.

Pontryagin and Shnirelman [1] defined the metric order for any closed subset F of metric compact space 
(Y, ρ) as a numerical characteristic for an approximation of F by a sequence of finite subsets. In the first 
part of the paper we generalize this concept to any compact metric space X with an increasing sequence of 
closed subsets Xn such that the union ∪Xn is dense in X. In such a way we define lower and upper metric 
orders o(q) and o(q) for any point q ∈ X.

In the second part we consider metric orders in the following special case. Let F be a metrizable functor 
in sense of V.V. Fedorchuk [2], let (Y, ρ) be a compact metric space and let ρF be an extension of ρ onto 
F(Y ). We put X = F(Y ), Xn = Fn(Y ), n ∈ N and consider upper and lower metric orders oF (ξ) and oF (ξ)
for any point ξ ∈ F(Y ). If F is the exponential functor exp then oF (ξ) and oF (ξ) coincide, respectively, 
with classical lower and upper capacitarian dimensions dimBξ and dimBξ of a closed subset ξ. We prove 
that

oexp ◦ exp(ξ) = dimB(∪ξ), oexp ◦ exp(ξ) = dimB(∪ξ),

for any ξ ∈ exp(exp(Y )) and pose several questions, concerning, in particular, metric orders in a superex-
tension λ(Y ).
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1. General definitions

Let (X, ρ) be a metric space and {Xn : n ∈ N} is a sequence of closed subsets of X such that Xn ⊂ Xn+1
and

Cl(
⋃

n∈N
Xn) = X.

For each point q ∈ X we define En(q) = ρ(q, Xn). It is clear that

lim
n→∞

En(q) = 0

and En(q) > 0 for any n if

q /∈
⋃

n∈N
Xn.

The question of the rate of convergence of sequence En(q) depending on properties of a point q is the typical 
question in various theories of approximation.

It is possible to consider this question in another way. Let ε > 0 and q ∈ X. We set

N(q, ε) = min{n : ρ(q,Xn) ≤ ε}.

If q /∈ ∪Xn, then

lim
ε→0

N(q, ε) = ∞

and it is possible to study a rate of increasing of N(q, ε) (ε → 0). First of all it is interesting, for which 
α > 0 there exists lower limit

lim
ε→0

εαN(q, ε) = r(q, α)

or upper limit

lim
ε→0

εαN(q, ε) = r(q, α).

If q /∈ ∪Xn then r(q, 0) = r(q, 0) = ∞. If r(q, α) = 0 and α1 > α then r(q, α1) = 0. The same is true for 
r(q, α). We will define lower and upper metric order o(q) and o(q) of a point q in the following way:

o(q) = inf{α : r(q, α) = 0} = sup{α : r(q, α) = ∞},
o(q) = inf{α : r(q, α) = 0} = sup{α : r(q, α) = ∞}.

It is clear that 0 ≤ o(q) ≤ o(q) ≤ ∞. If q ∈ ∪Xn, then o(q) = o(q) = 0.

Theorem 1. For any point q ∈ X

o(q) = lim
ε→0

ln(N(q, ε))
ln(1

ε )
, (1)

o(q) = lim
ε→0

ln(N(q, ε))
ln(1

ε )
. (2)
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