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We continue our study of selection principles in texture and ditopological texture 
spaces began in [14]. Our focus here is on the Hurewicz covering properties in 
texture structures and direlational uniform texture spaces. The behavior of these 
properties under standard operations with ditopological spaces are considered. 
We give game-theoretic and Ramsey-theoretic characterizations of the Hurewicz 
property in texture spaces, and establish relationships between selection properties 
of di-uniform spaces and (quasi-) uniform spaces.

© 2017 Elsevier B.V. All rights reserved.

1. Introduction

The theory of selection principles has a long history going back to 1920s and 1930s. However, classical 
selection principles have been defined in a general form in [24] as follows.

Let A and B be sets consist of families of subsets of an infinite set X. Then:

S1(A,B): For each sequence (An)n∈N of elements of A there is a sequence (bn)n∈N such that for each n, 
bn ∈ An, and {bn : n ∈ N} is an element of B.

Sfin(A,B): For each sequence (An)n∈N of elements of A there is a sequence (Bn)n∈N of finite sets such that 
for each n, Bn ⊆ An, and 

⋃
n∈N

Bn ∈ B.
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If O denotes the family of all open covers of a topological space X, then X has the Rothberger property
[22] (resp. the Menger property [16]) if X satisfies S1(O, O) (resp. Sfin(O, O)).

In [14] we studied the Menger and Rothberger properties in texture structures. In this paper we investigate 
properties of texture structures related to the following Hurewicz property [7]: For each sequence (Un)n∈N

of open covers of a space X there is a sequence (Vn)n∈N such that for each n, Vn is a finite subset of Un

and each x ∈ X belongs to ∪Vn = ∪{V : V ∈ Vn} for all but finitely many n. It was shown in [15] that the 
Hurewicz property is of the Sfin-type for appropriate classes A and B.

For more information about selection principles (and the corresponded games) in topological spaces see 
[10,23–25], in bitopological spaces the papers [12,13], and in uniform structures [9,11].

Texture spaces: ([1]) Let S be a set and P(S) its power set. A texturing of S is a lattice (S, ⊆) ⊆ P(S)
which is point-separating (i.e. for distinct x, y in S there is an A ∈ S such that x ∈ A and y /∈ A, or y ∈ A

and x /∈ A), complete, completely distributive, contains S and ∅, and for which arbitrary meets coincide 
with intersections, and finite joins with unions. If S is a texturing of S, the pair (S, S) is called a texture. 
Throughout the paper we denote by 

⋂
and 

∨
meets and joins in a texture (S, S).

For s ∈ S the sets

Ps =
⋂

{A ∈ S | s ∈ A} and Qs =
∨

{A ∈ S | s /∈ A}

are called respectively, the p-sets and q-sets of (S, S). These sets are used in the definition of many textural 
concepts.

In a texture, arbitrary joins need not coincide with unions, and clearly, this will be so if and only if S is 
closed under arbitrary unions, or equivalently if Ps � Qs for all s ∈ S. In this case (S, S) is said to be plain.

A mapping σ : S → S satisfying σ(σ(A)) = A, ∀ A ∈ S and A ⊆ B =⇒ σ(B) ⊆ σ(A), ∀ A, B ∈ S is called 
a complementation on (S, S) and (S, S, σ) is then said to be a complemented texture ([1])

If F is a subfamily of S, then σ(F) denotes the set {σ(F ) : F ∈ F}.

Examples:
1. For any set X, (X, P(X), πX) is the complemented discrete texture representing the usual set structure 

of X. Here the complementation πX(Y ) = X \ Y , Y ⊆ X, is the usual set complement. Clearly, Px = {x}
and Qx = X \ {x} for all x ∈ X.

2. For I = [0, 1] define I = {[0, t] : t ∈ [0, 1]} ∪{[0, t) : t ∈ [0, 1]}. (I, I, ι) is a complemented texture, which 
we will refer to as the unit interval texture. Here Pt = [0, t] and Qt = [0, t) for all t ∈ I.

3. The texture (L, L) is defined by L = (0, 1] and L = {(0, r] | r ∈ [0, 1]}. For r ∈ L Pr = (0, r] = Qr.

Ditopology: A dichotomous topology on (S, S) or ditopology for short, is a pair (τ, κ) of generally unrelated 
subsets τ , κ of S satisfying

(τ1): S, ∅ ∈ τ ,
(τ2): G1, G2 ∈ τ =⇒ G1 ∩G2 ∈ τ ,
(τ3): Gi ∈ τ , i ∈ I =⇒

∨
i Gi ∈ τ ,

(κ1): S, ∅ ∈ κ,
(κ2): K1, K2 ∈ κ =⇒ K1 ∪K2 ∈ κ,
(κ3): Ki ∈ κ, i ∈ I =⇒

⋂
Ki ∈ κ.

The elements of τ are called open and those of κ closed. We refer to τ as the topology and κ as the cotopology
of (τ, κ).

If (τ, κ) is a ditopology on a complemented texture (S, S, σ), then we say that (τ, κ) is complemented if 
the equality κ = σ[τ ] is satisfied. A complemented ditopological texture space is denoted by (S, S, σ, τ, κ).
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