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1. Introduction

Given a linear expression like ag + b, where a,b are fixed integers, it is very difficult to claim precise
information on the (compact) Riemann surfaces of genus g > 2 with automorphism groups of order ag + b:
i.e. are there Riemann surfaces in these conditions?, how many?, which are their automorphism groups? For
instance, there are many works about Hurwitz surfaces, i.e. surfaces of genus g with group of automorphisms
of order 84g — 84 (maximal order), but there is no complete answer to the above questions. Surprisingly
we shall give an almost complete answer (up to a finite number of genera g) to all questions on Riemann
surfaces of genus g with 4¢g automorphisms.

For each integer g > 2 we find an equisymmetric (complex)-uniparametric family 7, of Riemann surfaces
of genus g having (full) automorphism group of order 4g. The maximal order ag + b of the automorphism
group of equisymmetric and uniparametric families of Riemann surfaces appearing in all genera is 4g + 4
and the second possible largest order is precisely 4¢ (this is a consequence of Riemann—Hurwitz formula).
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If g # 3,6, 15 all surfaces with 4g automorphisms are in the family F, with one or two more exceptional
surfaces in a few genera: g = 3, 6, 12, 30. For genera g = 3,6 and 15 appear another exceptional uniparametric
family. Finally for genera 3,6, 12 and 30 there are one or two exceptional surfaces with 4¢g automorphisms.

The automorphism group of the surfaces in F, is Dag and the quotient X/Aut(X) is the Riemann
sphere @, the meromorphic function X — X/Aut(X) = C have four singular values of orders 2,2, 2, 2g.

Kulkarni [17] showed that, for any genus g = 0,1,2mod 4, there is a unique surface of genus g with full
automorphism group of order 8(g+ 1) (the family of Accola—Maclachan [1,20]), and for ¢ = —1 mod 4, there
is just another surface of genus g (the Kulkarni surface [17]). In [18] Kulkarni shows that, if g # 3 there is
a unique Riemann surface of genus g admitting an automorphism of order 4g, while for g = 3 there are two
such surfaces (see also [9,16]). The surfaces in this last family have exactly 8¢ automorphisms, except for
g = 2, where the surface has 48 automorphisms. For cyclic groups there are some cases where the order of
the group determines the Riemann surface (see [18,21,15]). Analogous results are known for Klein surfaces:
[4,7,8,3].

The family F, contains surfaces admitting anticonformal automorphisms, forming the subset RF,. These
points in the moduli space correspond to Riemann surfaces given by the complexification of real algebraic
curves. The extended groups of automorphisms of the surfaces in RF, (including the anticonformal auto-
morphisms) are isomorphic either to Dag x Cy or Dyg, and such groups contain anticonformal involutions, so
the surfaces in RF; are real Riemann surfaces. The topological types of conjugacy classes of anticonformal
involutions (real forms) of the real Riemann surfaces in F, are either {+2,0,-2,-2}, {-1,—-1,—g,—g},
{0,0,—-2,—2} if g is odd or {+1,0,—1,-3}, {—1,-1,—g,—g}, {—2} if g is even.

The family F, is the Riemann sphere with three punctures, having an anticonformal involution whose
fixed point set consists of three arcs aj, as,b. Each one of these arcs is formed by the real Riemann surfaces
in RF, with a different set of topological types of real forms. Adding three points to the surface F, (one
of them corresponds to the Wiman surface of type II, the other two are surfaces in M\g ~ M) we obtain
a compact Riemann surface fg - M\g, where aq Uag Ub (the closure of a; U ag Ub in M\g) is a closed
Jordan curve. The space M\g is the Deligne-Mumford compactification of M,. As a consequence we have
that R—}'g N M, has two connected components.

2. Preliminaries
2.1. Non-Euclidean crystallographic groups

A non-Euclidean crystallographic group (or NEC group) T is a discrete group of isometries of the hyper-
bolic plane . We shall assume that an NEC group has a compact orbit space. If I" is such a group then its
algebraic structure is determined by its signature

(hy x5 [ma, .. ome s {(nat, ooy Masy )y e e vy (MELy - ooy Nisy, ) })- (1)

The orbit space D/T" is a surface, possibly with boundary. The number A is called the genus of T' and
equals the topological genus of D/T", while k is the number of the boundary components of D/T'; and the
sign is + or — according to whether the surface is orientable or not. The integers m; > 2, called the proper
periods, are the branch indices over interior points of D/T" in the natural projection 7 : D — D/T". The
bracketed expressions (n1, ..., n;s, ), some or all of which may be empty (with s; = 0), are called the period
cycles and represent the branchings over the ith boundary component of the surface. Finally the numbers
n;; > 2 are the link periods.

Associated with each signature there exists a canonical presentation for the group I'. If the signature (1)
has sign + then I' has the following generators:

Z1,-..,2, (elliptic elements),
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