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and Q4. For d > 3, we show that the spaces O4 and P, are path connected and the
space O4 has the same homotopy type as S2. Considering the space P = Uag>2 94
of all polynomial knots with the inductive limit topology, we prove that it too has
the same homotopy type as S2. We also show that if two polynomial knots are path
MSC: equivalent in Qg, then they are topologically equivalent. Furthermore, the number
14P10 of path components in Q4 are in multiples of eight.
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1. Introduction

Parameterizing knots has been useful in estimating some important knot invariants such as bridge in-
dex [4], superbridge index [12] and geometric degree [9]. Some of the interesting parameterizations are
Fourier knots [10], polygonal knots [6] and polynomial knots [19]. The first two of them provide classical
knots, whereas the polynomial parametrization gives long knots. In each parametrization there is a positive
integer d associated to it. For Fourier knots and polynomial knots it is its degree and for polygonal knots it
is its edge number. For each parametrization, one can study the space of all parametrized knots for a fixed d.
Once we fix d, there will be only finitely many knots that can be parametrized with this d. However, in
the space of parameterizations, one could study the topology and try to see if two parametrized knots in
this space belong to the same path components or not. In [6], Calvo studied the spaces of polygonal knots.
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We aim to study the topology of some spaces of polynomial knots. In [19], Vassiliev defined the space Vg4
to be the interior of the set of all smooth embeddings in the space W, of all polynomial maps of the type
te (44 ag1t o ant, 4 byt 4 byt 67+ cgo 1t + -+ ¢qt). He pointed out that
the space of long knots can be approximated by the spaces V4 for d > 1 (see [18]). Also, it was noted that
if two polynomial knots belong to the same path component of V; then they represent the same knot-type.
It is felt that the converse of this may not be true. However, no counter example is known. Regarding
the topology of the space V4, he showed that the space V3 is contractible and the space V, is homology
equivalent to S?.

Later, Durfee and O’Shea [1] introduced a different space Ky which is the space of all knots ¢ +—
(a0 +art + -+ aqt?, bo + bt + -+ 4+ bat?, co + c1t + - - + cqt?) such that |ag| + |ba| + |ca| # 0. If two
polynomial knots are path equivalent in K,, then they are topologically equivalent. Thus, the space X4
will have at least as many path components as knot-types that can be represented in it. In [13], a group
of undergraduate students proved that X5 has at least 3 path components corresponding to the unknot,
the right hand trefoil and the left hand trefoil respectively. Beyond this the topology of these spaces is not
understood. Also, it is not clear whether two topologically equivalent knots in this space necessarily belong
to the same path component or not. Composing a polynomial knot with a simple polynomial automorphism
of R3 can reduce the degree of two of the components and the resulting polynomial knot will be topologi-
cally equivalent to the earlier one. Keeping this view in mind, we note that any polynomial knot given by
t— (ao +art+ -+ agt?, bo + bt + -+ bgt?, co+ et + -+ cdtd), for d > 2, is topologically equivalent
to a polynomial knot ¢ — (f(t), g(t), h(t)) with deg(f) < d — 2, deg(g) < d — 1 and deg(h) < d. This
motivated us to study the topology of three interesting spaces namely: (1) the space Q4 of all polynomial
knots t — ( f(t), g(t), h(t)) with deg(f) < d — 2, deg(g) < d—1 and deg(h) < d, (2) the space Py of all
polynomial knots t — (u(t), v(t), w(t)) with deg(u) < deg(v) < deg(w) < d, and (3) the space Qg of all
polynomial knots ¢ — (z(t), y(t), 2(t) ) with deg(z) = d — 2, deg(y) = d — 1 and deg(z) = d. Using the
theory of real semialgebraic sets (see [11] and [14]), we ensure that these spaces must have finitely many
path components. We show that the space O4, for d > 3, has the same homotopy type as S2. We also
prove that the space P4, for d > 3, is path connected, whereas the space Q4 is not path connected. For
the space Qq, for d > 2, we show that if two polynomial knots lie in the same path component then they
are topologically equivalent. We provide a counter example that the converse of this is not true. Further-
more, we show that the space P of all polynomial knots, with the inductive limit topology coming from the
stratification P = J,;~4 O4, also has the same homotopy type as S2.

This paper is orgaﬁized as follows: Section 2 is about definitions and known results. We divide it in three
subsections. In 2.1 and 2.2, we provide the basic terminologies and some known results related to knots and
in particular polynomial knots which will be required in this paper. In 2.3, we discuss real semialgebraic
sets and mention some important results from real semialgebraic geometry. In Section 3, we introduce our
spaces Og4, Py and Q4 for d > 2 and check their basic topological properties. At the end of Section 3, we
show that these spaces are homeomorphic to some semialgebraic subsets of R3¢ and hence they have only
finitely many path components. In Section 4, we prove our main results which are the following:

Theorem 4.5: The space Pg, for d > 3, is path connected.
Theorem 4.6: If two polynomial knots are path equivalent in Qq, then they are topologically equivalent.

Theorem 4.10: Fvery polynomial knot is isotopic to some trivial polynomial knot by a smooth isotopy of
polynomial knots.

Corollary 4.11: Fvery polynomial knot is connected to a trivial polynomial knot by a smooth path in the
space P of all polynomial knots.

Theorem 4.13: The space Oq4, for d > 3, has the same homotopy type as S>.
Corollary 4.15: The space P of all polynomial knots has the same homotopy type as S2.
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