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behaved. As an application we show that a classification of expansions of the real
field by cyclic multiplicative subgroups of the complex numbers due to Hieronymi
does not even extend to expansions by subgroups with two generators.
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1. Introduction

Let R := (R, <,+,-) be the real field. This paper contributes to the classification of expansions of R
by finite rank multiplicative subgroups S of complex numbers. Here we identify C with R? as usual and
consider expansions of R by a binary predicate for the multiplicative subgroup. This is not the first time
such structures have been studied. Belegradek and Zilber [1] and independently Giinaydin [8] initiated the
study of such expansions by fully determining the model theory of such expansions when S is a finite rank
subgroup of the unit circle S'. Using this work Hieronymi [10] established that if S is a cyclic subgroup of C
(not necessarily a subgroup of S!), then exactly one of the following statements holds:

(i) (R, S) defines Z,
(ii) (R,S) is d-minimal, or

E-mail address: ecaulfi2@illinois.edu.

http://dx.doi.org/10.1016/j.apal.2017.01.002
0168-0072/© 2017 Elsevier B.V. All rights reserved.


http://dx.doi.org/10.1016/j.apal.2017.01.002
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/apal
mailto:ecaulfi2@illinois.edu
http://dx.doi.org/10.1016/j.apal.2017.01.002
http://crossmark.crossref.org/dialog/?doi=10.1016/j.apal.2017.01.002&domain=pdf

E. Caulfield / Annals of Pure and Applied Logic 168 (2017) 1308-133/ 1309

(iii) every open definable set in (R, S) is semialgebraic.

An ordered structure R is d-minimal if for every M = R, every subset of M is a disjoint union of open
intervals and finitely many discrete sets. More is known: By Theorem 1.3 in Giinaydin and Hieronymi [9]
every finite rank subgroup of S' satisfies (iii), and therefore this classification can be extended to include
such groups. This leads naturally to the question whether this holds true for arbitrary finite rank subgroups.
The main result of this paper is a negative answer to this question.

Theorem A. Let I' be a finite rank subgroup of S* which is dense in S', let A = £ for e € R>°, and set
S =TA. Then every subset of R™ definable in (R, S) is a Boolean combination of sets of the form

{r eR™:3yeS" st. (z,y) € W}
for some semialgebraic set W C R™+2% . Moreover, every open definable set in (R, S) is definable in (R, A).

It is not hard to see that (R,S) does not satisfy any of (i)-(iii). First note that (R, S) defines both I'
and A. If (R, S) defines Z, then by [11, (37.6)], (R, S) defines every projective subset of R. However, it can
be checked that (R,S) does not define every projective subset of R. For example, if S is countable, then
every subset of R which is definable in (R, S) is a Boolean combination of F, sets by Theorem A. The
projection of S onto the real line is a definable set that is dense and codense, so (R, S) is not d-minimal.
Lastly, the complement of A in the real line is open and definable in (R, S), but is not semialgebraic. By
picking I to be the group generated by ™% for some irrational ¢ € R>?, we see that the above classification
fails even for multiplicative subgroups generated by two elements.

The fact that the sets definable in (R, S) have the form given in Theorem A is proved in Section 5.4. We
call this property quantifier reduction. The fact that every open definable set in (R, S) is definable in (R, A)
is proved in Section 6. In addition to Theorem A we will also give an axiomatization for such structures
in Section 4. Let I" be a dense subgroup of S', let A = ¢Z for some € € R>?, and set S = I'A. Since both
I and A are definable in (R, S), we will consider the structure (R,T", A) instead. We further expand this
structure by constant symbols for each element in Re(I') UIm(T") and A.

Theorem B. Let K be a real closed field. Let G be a dense subgroup of SY(K) and let v+ v : T' — G be
a group homomorphism. For v € T with v = («, ), let &' and B’ be such that v/ = (o/,5"). Let A be a
subgroup of K>° with a group homomorphism § — &' : A — A such that

(i) €' is the smallest element of A greater than 1, and
(ii) for every k € K>°, there is a € A such that a < k < ag’.

Then
(Ka G7 Aa (6/)5€A7 (71)7€F> = (R7 Fa A? (6)5€A7 (7)’761—‘)
if and only if:
1. for every v €T and n € Z>°, v is an nth power in T if and only if ' is an nth power in G;
2. for all primes p, [p|I" = [p]G;
3. foralln € Z7°, all polynomials Q(x1, ..., x,) € Zlx1, ..., 2,], and all tuples (7101, - - ., YnOn) of elements

of TA,

Q(Re(7181), ., Re(yadn)) > 0 if and only if Q(Re(1}), ..., Re(v48,)) > 0;
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