Advances in Mathematics 320 (2017) 1158-1184

Contents lists available at ScienceDirect

MATHEMATICS

Advances in Mathematics

www.elsevier.com /locate/aim

Residues for flags of holomorphic foliations @CmssMark

Jean-Paul Brasselet »*, Mauricio Corréa ", Fernando Lourenco ©

2 [2M-CNRS, Luminy Case 930, F-13288 Marseille Cedex 9, France
> UFMG, Avenida Anténio Carlos, 6627, 30161-970 Belo Horizonte, Brazil
¢ UFLA, Av. Doutor Sylvio Menicucci, 1001, Kennedy, 37200000 Lavras, Brazil

ARTICLE INFO ABSTRACT

Article history: In this work we prove a Baum—Bott type residue theorem
Received 18 March 2016 for flags of holomorphic foliations. We prove some relations
ZROelcglved in revised form 3 November between the residues of the flag and the residues of their

correspondent foliations. We define the Nash residue for
flags and we give a partial answer to the Baum-Bott type
rationality conjecture in this context.

© 2017 Elsevier Inc. All rights reserved.

Accepted 5 September 2017
Available online 22 September 2017
Communicated by Tony Pantev

MSC:
primary 57R30
secondary 14J45, 57R32, 563C12

Keywords:

Residues

Holomorphic foliations
Characteristic classes

Contents
1. Introduction . .. .. . . .. . 1159
2. Baum-Bott residues theory for flags . . .. ... ... ... L o 1159
3. Determination and comparison of certain residues . ....... ... ... .. .......... 1168
4. Nash residue for flags and rationality of the residues . . . ... ....... ... ... ... .... 1176
Acknowledgments . ... ... e 1183
References . . . . . . 1183

* Corresponding author.
E-mail addresses: jean-paul.brasselet@univ-amu.fr (J.-P. Brasselet), mauricio@mat.ufmg.br
(M. Corréa), fernando.lourenco@dex.ufla.br (F. Lourengo).

http://dx.doi.org/10.1016/j.aim.2017.09.007
0001-8708/© 2017 Elsevier Inc. All rights reserved.


http://dx.doi.org/10.1016/j.aim.2017.09.007
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/aim
mailto:jean-paul.brasselet@univ-amu.fr
mailto:mauricio@mat.ufmg.br
mailto:fernando.lourenco@dex.ufla.br
http://dx.doi.org/10.1016/j.aim.2017.09.007
http://crossmark.crossref.org/dialog/?doi=10.1016/j.aim.2017.09.007&domain=pdf

J.-P. Brasselet et al. / Advances in Mathematics 320 (2017) 1158-118 1159

1. Introduction

A 2-flag of foliations is a pair of foliations (F7, Fz) such that the leaves of Fj are con-
tained in the leaves of F5. We call F; a subfoliation of F5. In this work, we considerer
2-flags formed by 2 holomorphic foliations on a complex manifold M of dimension n.
Our main result is a Baum-Bott type residue theorem. We believe that the study of
characteristic classes of singular flags of holomorphic foliations can be useful to give
information about these structures. The study of characteristic classes of real folia-
tions was firstly considered by Feigin [12], where he proposed two constructions for
characteristic classes of flags in an attempt to answer a question about topological ob-
struction for integrability. Several other authors studied characteristic classes of flags,
[8,11].

In the holomorphic context, flags of holomorphic foliations appear naturally on
works about foliations with algebraic and rationally connected leaves: Miyaoka [18],
Bogomolov—Mcquillan [2], and Kebekus-Sola Conde-Toma [16]. Other very impor-
tant situation where appear flags of foliations is the so called Brunella’s conjec-
ture:

If F is a codimension one holomorphic foliation on P3, then F either admits an
algebraic invariant surface or admits a subfoliation by algebraic curves.

In the case where F admits a subfoliation by algebraic curves we have a 2-flag. Then
the study of the singularities of these foliations is important. Some authors studied
flags of singular holomorphic foliations: in [10] Corréa and Soares proved an inequality
involving the degrees of two distributions (foliations) which form a flag on projective
spaces. Mol in [19] studied the polar classes of flags of holomorphic foliations.

2. Baum-Bott residues theory for flags

The main results of this section are a Bott vanishing theorem and a Baum—Bott
theorem for flags, where the first one is “finer” than the classical result of Bott. The
reason is that our theorem detects some characteristic classes of flags that the Bott
vanishing theorem for foliations does not detect. These classes are legitimate of flags,
see Remark 1. Here we apply the localization theory of characteristic classes developed
mainly by Lehmann and Suwa to localize the characteristic classes. For details on this
theory we refer to [20].

2.1. Flags of holomorphic foliations

Let M be a connected complex manifold of dimension n. Let us denote by ©j; the
tangent sheaf of M.
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