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In this paper, we give a symplectic proof of the Horn inequal-
ities on eigenvalues of a sum of two Hermitian matrices with 
given spectra. Our method is a combination of tropical calcu-
lus for matrix eigenvalues, combinatorics of planar networks, 
and estimates for the Liouville volume. As a corollary, we give 
a tropical description of the Duistermaat–Heckman measure 
on the Horn polytope.

© 2017 Elsevier Inc. All rights reserved.

1. Introduction

1.1. The Horn problem

Fix a positive integer n, and let H be the set of Hermitian matrices of size n. For 
K ∈ H, denote by λ(K) = (λ1 ≥ λ2,≥ · · · ≥ λn) the set of eigenvalues of K listed in 
decreasing order, and introduce the map l : H → R

n defined by the equalities
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Fig. 1. The triangular tableau with three types of rhombi.

l1(K) = λ1, l2(K) = λ1 + λ2, . . . , ln(K) = λ1 + · · · + λn = Tr(K).

We will call the set

CHorn = {(a, b, c) ∈ R
3n; ∃(K1,K2) ∈ H×2 :

l(K1) = a, l(K2) = b, l(K1 + K2) = c}
(1)

the Horn cone.
Clearly, CHorn is a closed subset of the hyperplane

{(a, b, c) ∈ R
3n; an + bn = cn} ⊂ R

3n,

and τCHorn = CHorn for any τ > 0.
The problem of determining this cone, known as the Horn problem, has a long history 

(see [9] for details). The first conjectural description was given by Horn [11] in 1962; it 
presents CHorn as the set of solutions of a complicated, recursively defined list of linear 
inequalities. This description, in particular, implies that CHorn is a closed convex cone. 
Later, a natural explanation for this fact was found in terms of convexity properties of 
moment maps in symplectic geometry.

In 1999, Knutson and Tao came up with the following much simpler, albeit implicit 
description of CHorn ([13], see also [5,14]). Consider the regular triangulation of order n
of an equilateral triangle. The triangle is divided into n2 small triangles. Two adjacent 
triangles form a rhombus, which can be of one of the three types shown in Fig. 1.

We will call the assignment of a real number to each of the nodes of the triangulation 
a tableau. Denoting by ∇ the set of nodes of the triangulation, we can identify the space 
of tableaux with R∇.

Let lki be the number at the ith node in the kth row of the triangulation, 0 ≤ i ≤ k ≤ n. 
Then each rhombus gives rise to an inequality: the sum of the two numbers assigned to 
the endpoints of the short diagonal is greater than or equal to the sum of the two numbers 
assigned to the endpoints of the long diagonal. A tableau is called a hive if it satisfies all 
the inequalities, i.e., if for 0 < i ≤ k < n,
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