
Advances in Mathematics 319 (2017) 567–598

Contents lists available at ScienceDirect

Advances in Mathematics

www.elsevier.com/locate/aim

Sharp Hardy–Adams inequalities for bi-Laplacian 

on hyperbolic space of dimension four ✩

Guozhen Lu a, Qiaohua Yang b,∗

a Department of Mathematics, University of Connecticut, CT 06269, USA
b School of Mathematics and Statistics, Wuhan University, Wuhan, 430072, 
People’s Republic of China

a r t i c l e i n f o a b s t r a c t

Article history:
Received 29 March 2017
Received in revised form 1 August 
2017
Accepted 4 August 2017
Available online 1 September 2017
Communicated by Erwin Lutwak

MSC:
primary 46E35, 46E30, 35J91, 35J20

Keywords:
Hardy inequalities
Adams inequalities
Fourier transform and Plancherel 
formula on hyperbolic spaces
Fractional Laplacians and Paneitz 
operators
Harish-Chandra c-function

We establish sharp Hardy–Adams inequalities on hyperbolic 
space B4 of dimension four. Namely, we will show that for any 
α > 0 there exists a constant Cα > 0 such that

∫
B4

(e32π2u2 − 1 − 32π2u2)dV = 16
∫
B4

e32π2u2 − 1 − 32π2u2

(1 − |x|2)4
dx

≤ Cα

for any u ∈ C∞
0 (B4) with

∫
B4

(
−ΔH − 9

4

)
(−ΔH + α)u · udV ≤ 1.

As applications, we obtain a sharpened Adams inequality on 
hyperbolic space B4 and an inequality which improves the 
classical Adams’ inequality and the Hardy inequality simul-
taneously. The later inequality is in the spirit of the Hardy–
Trudinger–Moser inequality on a disk in dimension two given 
by Wang and Ye in [46] and on any convex planar domain by 
Lu and Yang in [33].
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The Fourier analysis techniques on hyperbolic and symmetric 
spaces play an important role in our work.

© 2017 Elsevier Inc. All rights reserved.

1. Introduction

Our main purpose of this article is to establish sharp Hardy–Adams inequalities on B4, 
a hyperbolic space in dimension four.

We first recall the classical Trudinger–Moser inequality in any finite domain of Eu-
clidean spaces. Let Ω ⊂ Rn(n ≥ 2) be a bounded domain and 1 ≤ q ≤ np

n−kp . 
Then it is well known that the Sobolev embedding theorem tells us the embedding 
W k,p

0 (Ω) ⊂ Lq(Ω) is continuous when kp < n. However, in general W 1,n
0 (Ω) � L∞(Ω). 

Trudinger [45] established in the borderline case that W 1,n
0 (Ω) ⊂ Lϕn

(Ω), where Lϕn
(Ω)

is the Orlicz space associated with the Young function ϕn(t) = exp(β|t|n/n−1) − 1 for 
some β > 0 (see also Yudovich [49], Pohozaev [43]). In 1971, Moser sharpened the 
Trudinger inequality in [39] by finding the optimal β:

Theorem 1.1 (Trudinger–Moser). Let Ω be a domain with finite measure in Euclidean 

n-space Rn, n ≥ 2. Then there exists a sharp constant βn = n 
(

nπ
n
2

Γ(n
2 +1)

) 1
n−1 such that

1
|Ω|

∫
Ω

exp(β|u| n
n−1 )dx ≤ c0

for any β ≤ βn, any u ∈ W 1,n
0 (Ω) with 

∫
Ω |∇u|ndx ≤ 1. This constant βn is sharp in 

the sense that if β > βn, then the above inequality can no longer hold with some c0
independent of u.

In 1988, D. Adams extended such an inequality to higher order Sobolev spaces. In 
fact, Adams proved the following:

Theorem 1.2. Let Ω be a domain in Rn with finite n-measure and m be a positive integer 
less than n. There is a constant c0 = c0(m, n) such that for all u ∈ Cm(Rn) with support 
contained in Ω and ‖∇mu‖n/m ≤ 1, the following uniform inequality holds

1
|Ω|

∫
Ω

exp(β0(m,n)|u|n/(n−m))dx ≤ c0, (1.1)

where
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