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We establish sharp Hardy—Adams inequalities on hyperbolic
space B* of dimension four. Namely, we will show that for any
o > 0 there exists a constant C,, > 0 such that
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for any u € C§°(B*) with
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As applications, we obtain a sharpened Adams inequality on
hyperbolic space B* and an inequality which improves the
classical Adams’ inequality and the Hardy inequality simul-
taneously. The later inequality is in the spirit of the Hardy—
Trudinger—Moser inequality on a disk in dimension two given
by Wang and Ye in [46] and on any convex planar domain by
Lu and Yang in [33].

* The first author’s research was supported by a US NSF grant DMS-1700918 and a Simons Fellowship
from the Simons Foundation. The second author’s research was supported by the National Natural Science

Foundation of China (No. 11201346).

* Corresponding author.

E-mail addresses: guozhen.lu@uconn.edu (G. Lu), ghyang.math@whu.edu.cn (Q. Yang).

http://dx.doi.org/10.1016/j.aim.2017.08.014
0001-8708/© 2017 Elsevier Inc. All rights reserved.


http://dx.doi.org/10.1016/j.aim.2017.08.014
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/aim
mailto:guozhen.lu@uconn.edu
mailto:qhyang.math@whu.edu.cn
http://dx.doi.org/10.1016/j.aim.2017.08.014
http://crossmark.crossref.org/dialog/?doi=10.1016/j.aim.2017.08.014&domain=pdf

568 G. Lu, Q. Yang / Advances in Mathematics 319 (2017) 567-598

The Fourier analysis techniques on hyperbolic and symmetric
spaces play an important role in our work.
© 2017 Elsevier Inc. All rights reserved.

1. Introduction

Our main purpose of this article is to establish sharp Hardy—Adams inequalities on B*,
a hyperbolic space in dimension four.

We first recall the classical Trudinger—-Moser inequality in any finite domain of Eu-
clidean spaces. Let @ C R"™(n > 2) be a bounded domain and 1 < ¢ < ni’—’;p.
Then it is well known that the Sobolev embedding theorem tells us the embedding
WP (Q) < L9(Q) is continuous when kp < n. However, in general W, () € L>(Q).
Trudinger [45] established in the borderline case that Wy ™ () C L, (), where L, ()
is the Orlicz space associated with the Young function ¢, (t) = exp(B[t|*/"~1) — 1 for
some S > 0 (see also Yudovich [49], Pohozaev [43]). In 1971, Moser sharpened the

Trudinger inequality in [39] by finding the optimal 3:

Theorem 1.1 (Trudinger—Moser). Let Q0 be a domain with finite measure in Euclidean

1
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n-space R™, n > 2. Then there exists a sharp constant 5, =n (%) """ such that
2
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for any B < B, any u € Wy ™ (Q) with Jo IVu|"dz < 1. This constant B, is sharp in
the sense that if B > B,, then the above inequality can no longer hold with some cg
independent of u.

In 1988, D. Adams extended such an inequality to higher order Sobolev spaces. In
fact, Adams proved the following:

Theorem 1.2. Let ) be a domain in R™ with finite n-measure and m be a positive integer
less than n. There is a constant co = co(m,n) such that for all u € C™(R™) with support

contained in 2 and |V™ull,/m < 1, the following uniform inequality holds
1 n/(n—m)
9] exp(Bo(m, n)|ul Ydz < ¢, (1.1)
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