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We define a motive whose realizations afford modular forms 
(of arbitrary weight) on an indefinite division quaternion 
algebra. This generalizes work of Iovita–Spiess to odd weights 
in the spirit of Jordan–Livné. It also generalizes a construction 
of Scholl to indefinite division quaternion algebras, and 
provides the first motivic construction of new-subspaces of 
modular forms.
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1. Introduction

The paper [22] offers the construction of a motive whose realizations afford modular 
forms of even or odd weight on the indefinite split quaternion algebra over Q. In [12, §10]
the authors construct a motive of even weight modular forms on a quaternion division 
algebra (see also [24]). Based on ideas of Jordan and Livné (see [13]), this motive is 
constructed as the kernel of an appropriate Laplace operator. More precisely, let h(A)
be the motive of an abelian scheme A of relative dimension d over a smooth base scheme 
S (see [4] and [16]). It decomposes as the direct sum

h (A) = h0 (A) ⊕ h1 (A) ⊕ ...⊕ hg (A)

where g = 2d and there are canonical identifications

hi (A) = ∨ih1 (A) , hi (A) � h2d−i (A)∨ (−d) and h2d (A) � I (−d) ,

where ∨·V denotes the symmetric algebra of the object V . It follows that the multipli-
cation morphisms

ϕi,2d−i : ∨ih1 (A) ⊗ ∨2d−ih1 (A) → I (−d)

are perfect. In particular, taking i = d, one gets an associated Laplace operator1

Δn : Symn
(
∨dh1 (A)

)
→ Symn−2 (∨dh1 (A)

)
(−d) , n ≥ 2

and it is possible to show that the kernel exists. The following remark has been employed 
in [12, §10]. When A is an abelian scheme of dimension d = 2 with multiplication by 
the quaternion algebra B, we have that B⊗B acts on ∨2h1 (A) and there is a canonical 
direct sum decomposition

∨2h1 (A) =
(
∨2h1 (A)

)
+ ⊕

(
∨2h1 (A)

)
−

is such a way that B× ⊂ B⊗B (diagonally) acts via the reduced norm on 
(
∨2h1 (A)

)
−. 

Furthermore, since the idempotents giving rise to this decomposition are self-adjoint 
with respect to ϕ2,2, it follows that the induced pairing(

∨2h1 (A)
)
− ⊗

(
∨2h1 (A)

)
− ↪→ ∨2h1 (A) ⊗ ∨2h1 (A) → I (−2)

1 For a symmetric or alternating power M we will write Symn (M) and Altn (M) when considering its 
symmetric or alternating powers once again.
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