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1. Introduction
1.1. A nonintegrable Plateau problem

Consider a smooth compact Riemannian n-manifold M with boundary and let G be
a compact connected simply connected non-abelian Lie group with Lie algebra g. We
assume that a principal G-bundle P — OM is fixed over the boundary of M. On P
we consider a G-invariant connection w, which corresponds to an equivariant horizontal
n-plane distribution @ (see [26] for notations and definitions).

Analogously to the Plateau problem, we may then ask which is the “most integrable”
extension of P, ) to a horizontal distribution on a principal G-bundle over M. By Frobe-
nius’ theorem, the condition for integrability in this case is that for any two horizontal
G-invariant vector fields X, Y, their lie bracket [X, Y] be again horizontal. The L2-error
to integrability of an extension of Q) over M can be measured by taking vertical projec-
tions V of [X;, X;] for X;, X; varying in an orthonormal basis of Q:

[ mxaxe. (1)

M

Note that F(X,Y) = V([X,Y]) is known to be a tensor, and F is nothing but the
curvature of the connection.

From now on we will work on the vector bundle £ — M associated to the principal
bundle G corresponding to a representation of G. The covariant derivative V on FE is
identified, in a trivialization, and via the implicit action of the representation, with the
local expression

V%a+ A,

where A is a g-valued 1-form on a given chart of M. The structure equation relating
curvature to connection takes the form

F'%dA+ANA (1.2)

in a trivialization. Here A represents a tensorization of the usual exterior product of
forms with the Lie bracket on g. In this setting the L%-error in integrability (1.1) is
identified with the Yang—Mills energy, which we consider as being a functional of the
connection V:

IM(V) = [ |Fy|?. (1.3)
/

We observe that, similarly to the area functional in the Plateau problem, Y M has a large
invariance group given by changing coordinates in the fibers via G. The gauge group can,
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