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1. Introduction

For a positive measure p defined on R that satisfies some mild assumptions, the
space V2 of orthogonal polynomials of degree n in d variables with respect to the inner
product

(f.9) = / F(@)g(x)dp(z)
Rd

has dimension dim V¢ = (”t‘f*l), where 0 # P € V? if P is a polynomial of degree n
and (P,Q) = 0 for all polynomials @ of degree less than n. The elements of a basis
{P, : v € N&, |v| = n} for VI may not be orthogonal among themselves. A basis whose
elements are orthogonal to each other is called orthogonal, that is, (P,,P,) = 0 for
v # p, and it is called orthonormal if, in addition, (P,, P,) = 1.

If P, :={P,:veNI |v| =n} and Q, := {Q, : v € N, |v| = n} are two orthogonal

bases of V¢, then we can express one in terms of the other; for example,

Qv=Y_ by |vl=n, c,u€R (1.1)

|nl=n

We call the coefficients c¢,,,, connection coefficients of Q,, in terms of P,,. Throughout
the paper we adopt the convention of using P, = P, /||P.|| to denote the orthonormal
polynomial when P, is an orthogonal polynomial, and we denote by ¢, , the normalized
connection coefficients between two orthonormal bases. Thus, (1.1) can be rewritten as

Qu= > euP.. Iv|=n

[ul=n

If both {P,} and {Q,} are orthonormal bases, the matrix C := (¢,,,) is orthogonal
([5, p. 67]) and, therefore, satisfies

E CowCpw =0, and E CorvCurpp = Ou i (1.2)

|w|=n |wl=n

We are interested in identifying the connection coefficients for classical orthogonal poly-
nomials of both continuous and discrete variables. Especially interesting is the case when
¢y, can be expressed explicitly in terms of discrete orthogonal polynomials and their
weights.

Our starting point is the Jacobi polynomials of two variables that are orthogonal with
respect to the weight function z%y%(1 — z — ) on the triangle 7% = {(z,y) : * >

0,9 > 0,1—x—y > 0}. For this weight function, one orthonormal basis of V2 consists of
= POt’ﬂ,”Y
n—7,j

polynomials. Another orthonormal basis consists of Q;(z,y) := Pfjj(;(y, 1—z—y),

polynomials Pj(z,y) : (x,y) for 0 < j < n given in terms of the classical Jacobi
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