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continuum. Also under the axiom of analytic determinacy,
a similar classification of AK(Bx) is obtained. For separable
Banach spaces not containing ¢!, we prove in ZFC that
K(Bx) ~ AK(Bx) are equivalent to either {0}, w*, K(Q)

* A. Avilés and J. Rodriguez were partially supported by the research projects MTM2011-25377 and
MTM2014-54182-P funded by Ministerio de Economia y Competitividad — FEDER and the research
project 19275/P1/14 funded by Fundacién Séneca — Agencia de Ciencia y Tecnologia de la Regién de
Murcia within the framework of PCTIRM 2011-2014. G. Plebanek was partially supported by NCN grant
2013/11/B/ST1/03596 (2014—-2017).
* Corresponding author.

E-mail addresses: avilesloQum.es (A. Avilés), grzes@math.uni.wroc.pl (G. Plebanek), joserr@Qum.es
(J. Rodriguez).

http://dx.doi.org/10.1016/j.aim.2017.02.017
0001-8708/© 2017 Elsevier Inc. All rights reserved.


http://dx.doi.org/10.1016/j.aim.2017.02.017
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/aim
mailto:avileslo@um.es
mailto:grzes@math.uni.wroc.pl
mailto:joserr@um.es
http://dx.doi.org/10.1016/j.aim.2017.02.017
http://crossmark.crossref.org/dialog/?doi=10.1016/j.aim.2017.02.017&domain=pdf

A. Avilés et al. / Advances in Mathematics 310 (2017) 696-758 697

or [c]<¥. The lattice structure of the family of all weakly null
subsequences of an unconditional basis is also studied.
© 2017 Elsevier Inc. All rights reserved.

1. Introduction

The purpose of this paper is to establish a classification of separable Banach spaces
according to how complicated the lattice of weakly compact subsets is. Let C(Bx ) denote
the family of all weakly compact subsets of the unit ball Bx of a Banach space X, that
we view as a partially ordered set endowed with inclusion. The way in which we measure
the complexity of K(Bx) is through Tukey reduction. This has become a standard way
to compare partially ordered sets, proven useful to isolate some essential features of the
ordered structure [36]. Let us recall that two upwards-directed partially ordered sets are
Tukey equivalent if and only if they are order isomorphic to cofinal subsets of some third
upwards-directed partially ordered set. Our first main result is the following:

Theorem A (X1D). If X is a separable Banach space, then K(Bx) is Tukey equivalent
to one of the following partially ordered sets:

(i) either to a singleton,
(ii) or to w* (ordered pointwise),
(iii) or to the family K(Q) of compact subsets of the rational numbers (ordered by inclu-
sion),
(iv) or to the family [c]<% of all finite subsets of the continuum (ordered by inclusion).

The symbol (X£1D) in this and later results means that the statement holds under the
axiom of analytic determinacy (which is consistent with ZFC if one believes in large car-
dinals). A reader unfamiliar with determinacy axioms can think that, in practical terms,
Theorem A holds for any reasonable Banach space, not arising from any set-theoretic
oddity. The case (i) corresponds to reflexivity, so the result can be interpreted as say-
ing that non-reflexive separable Banach spaces split into three categories, depending on
three canonical patterns of disposition in the lattice of weakly compact sets. When X*
(the dual of X) is separable (for the norm topology), Theorem A holds in ZFC without
any determinacy axiom required, and (iv) never happens. This particular case is a corol-
lary to a result of Fremlin [18], who established the Tukey classification of the lattices
of compact subsets of coanalytic metric spaces. Our main contribution is therefore the
case of non-separable dual. In the case of separable Banach spaces not containing ¢!, the
classification of Theorem A corresponds to the following well-studied classes of spaces:

(i) reflexive spaces,
(ii) non-reflexive spaces with separable dual and the PCP (point of continuity property),
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