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A Heisenberg uniqueness pair is a pair (Γ,Λ), where Γ is a 
curve and Λ is a set in R2 such that whenever a finite Borel 
measure μ having support on Γ which is absolutely continuous 
with respect to the arc length on Γ satisfies μ̂|Λ = 0, then it 
is identically 0. In this article, we investigate the Heisenberg 
uniqueness pairs corresponding to the spiral, hyperbola, circle 
and certain exponential curves. Further, we work out a char-
acterization of the Heisenberg uniqueness pairs corresponding 
to four parallel lines. In the latter case, we observe a phe-
nomenon of interlacing of three trigonometric polynomials.

© 2017 Elsevier Inc. All rights reserved.

1. Introduction

The concept of the Heisenberg uniqueness pair has been first introduced in an influ-
ential article by Hedenmalm and Montes-Rodríguez (see [7]). We would like to mention 
that Heisenberg uniqueness pair up to a certain extent is similar to an annihilating pair 
of Borel measurable sets of positive measure as described by Havin and Jöricke [6]. Fur-
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ther, the notion of Heisenberg uniqueness pair has a sharp contrast to the known results 
about determining sets for measures by Sitaram et al. [2,15], due to the fact that the 
determining set Λ for the function μ̂ has also been considered a thin set.

In addition, the question of determining the Heisenberg uniqueness pair for a class 
of finite measures has also a significant similarity with the celebrated result due to M. 
Benedicks (see [3]). That is, support of a function f ∈ L1(Rn) and its Fourier trans-
form f̂ both cannot be of finite measure simultaneously. Later, various analogues of the 
Benedicks theorem have been investigated in different set ups, including the Heisenberg 
group and Euclidean motion groups (see [12,14,16]).

In particular, if Γ is compact, then μ̂ is a real analytic function having exponential 
growth and it can vanish on a very delicate set. Hence in this case, finding the Heisen-
berg uniqueness pairs becomes little easier. However, this question becomes immensely 
difficult for the measure supported on a non-compact curve. Eventually, the Heisen-
berg uniqueness pair is a natural invariant to the theme of the well studies uncertainty 
principle for the Fourier transform.

In the article [7], Hedenmalm and Montes-Rodríguez have shown that the pair (hy-
perbola, some discrete set) is a Heisenberg uniqueness pair. As a dual problem, a weak∗

dense subspace of L∞(R) has been constructed to solve the Klein–Gordon equation. 
Further, a complete characterization of the Heisenberg uniqueness pairs corresponding 
to any two parallel lines has been given by Hedenmalm and Montes-Rodríguez (see [7]).

Afterward, a considerable amount of work has been done pertaining to the Heisenberg 
uniqueness pair, in the plane as well as in the higher dimensional Euclidean spaces.

Recently, N. Lev [10] and P. Sjölin [17] have independently shown that circle and 
certain system of lines are HUP corresponding to the unit circle S1. Further, F.J. Gon-
zalez Vieli [19] has generalized HUP corresponding to circle in the higher dimension and 
shown that a sphere whose radius does not lie in the zero set of the Bessel functions 
J(n+2k−2)/2; k ∈ Z+, the set of non-negative integers, is a HUP corresponding to the 
unit sphere Sn−1.

P. Sjölin [18] has investigated some of the Heisenberg uniqueness pairs corresponding 
to the parabola. Subsequently, D. Blasi Babot [1] has given a characterization of the 
Heisenberg uniqueness pairs corresponding to a certain system of three parallel lines. 
However, an exact analogue for the finitely many parallel lines is still open.

In a major development, P. Jaming and K. Kellay [8] have given a unifying proof 
for some of the Heisenberg uniqueness pairs corresponding to the hyperbola, polygon, 
ellipse and graph of the functions ϕ(t) = |t|α, whenever α > 0 through dynamical system 
approach.

Let Γ be a finite disjoint union of smooth curves in R2. Let X(Γ) be the space of 
all finite complex-valued Borel measure μ in R2 which is supported on Γ and absolutely 
continuous with respect to the arc length measure on Γ. For (ξ, η) ∈ R2, the Fourier 
transform of μ is defined by
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