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Abstract

Let A be a complex Riesz algebra with a positive identity e. We show that a (not necessary linear)
functional ¢ : 2 — C is a unital Riesz homomorphism if and only if ¢ (a) — ¢ (b) € o (P.a — P.b)
for all a,b € 2, where P, denotes the order projection onto the center {e}dd of 2. Then, as an
application, we prove that unital Riesz homomorphisms, local unital Riesz homomorphisms, and 2-local
Riesz homomorphisms between complex Riesz algebras with positive identities coincide.
© 2017 Royal Dutch Mathematical Society (KWG). Published by Elsevier B.V. All rights reserved.
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1. Introduction

Let 2 be a complex algebra and ¢ : A — C be a linear functional. When 2{ is a unital
Banach algebra, the Gleason—Kahane—Zelasko theorem asserts that ¢ is a nonzero algebra
homomorphism if and only if ¢ (a) € o (a) forall a € 2. See [3,6]. Assume now that 2 is a unital
Banach f-algebra. It follows from [5] that ¢ is a nonzero algebra homomorphisms if and only
if ¢ is a unital Riesz homomorphism. So we can assert that ¢ is a unital Riesz homomorphism
if and only if ¢ (a) € o (a) for all a € A. The case when 2 is just a Banach Riesz algebra
with a positive identity was investigated by Huijssman [4]. He shows that in such a case ¢ is
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a unital Riesz homomorphism if and only if ¢ (a) € o (P.a) for all a € 2, where P, denotes
the order projection (also called band projection) on {e). Recently, Azouzi and Boulabiar [1]
studied Gleason—Kahane—Zelasko type theorems for unital Riesz algebras. They show that the
result by Huijssman remains true when 2( is a complex (not necessary Banach) Riesz algebra
with a positive identity.

In [7], Kowalsky and Slodowsky extended the Gleason—Kahane—Zelasko theorem to nonlinear
functionals. More precisely, they proved that if 2 is a unital complex Banach algebra and
¢ : 2 — Cis a (not necessary linear) functional, then ¢ is a nonzero algebra homomorphism if
and only if ¢ (0) = O and ¢ (a) — ¢ (b) € o (a — b) for all a, b € . The main purpose of this
work is to give a Riesz algebra version of the Kowalsky—Slodowsky theorem. Our main result
will be applied to study local and 2-local Riesz homomorphisms on complex Riesz algebras.

2. Preliminaries

Let 2( be a complex Riesz space, that is, 2 is the complexification of a uniformly complete
(real) Riesz space 2(g. Observe that each a € 2( can be uniquely written in the form a =
Re a + i Ima where Re a, Ima € 2. Recall also that 2l is endowed with the standard absolute
value defined by

la] = sup {(cos@)Rea + (sinf)Ima: O € [0,2x]}, forall a € .

Evidently, [Rea|] < |a| and [Ima| < |a| for all a € 2. An element a € 2 is said to be real
whenever Im a = 0, and positive whenever Ima = 0 and Rea > 0.

Now, let 2 and B be two complex Riesz spaces, and 7 : 2 — ‘B be a linear operator. We
say that T is real (respectively, positive) whenever T maps real (respectively, positive) elements
in 2 into real (respectively, positive) elements in ‘B. Also we call T a Riesz homomorphism if
|Ta| = T |a] for all a € 2A. We can prove that T is a Riesz homomorphism if and only if T is
real and x A y = 0 implies T (x) A T (y) = O for all real elements x, y € 2.

A complex Riesz space 2 will be said a complex Riesz algebra if there exists an associative
multiplication in 2 with the usual algebra properties such that |ab| < |a| |b| forall a, b € 2. A
complex Riesz algebra 2 for which

la] A 1b] = 0 implies ([¢||a]) A [b] = (Jal[¢]) AJb] =0 foralla,b,c e A (1)

is called a complex f-algebra. The complex Riesz space 2 is a complex Riesz algebra if and
only if AR is a Riesz algebra. Also 2 is a complex f-algebra if and only if %Ay is an f-algebra.

Assume now that 2 is a complex Riesz algebra with a positive identity e. A subalgebra B
of 2l is said to be a f-subalgebra of 2 whenever *B is a Riesz subalgebra of 2 that satisfies the
condition (1). Moreover ‘B is said to be full whenever B is closed under inversion, that is, for
any a € B which has an inverse a ! in 2 we have a~! € 9B. It turns out that the principal band
{e}? generated by e in 2 is a full f-subalgebra of 2. Thus, for any a € {e}?®, the spectrum
o (a) of a in 2 coincides with its spectrum o, (a) in {e}4!. The principal band {e}% is also a
projection band in %, that is % = (e} & {e}“. So, if P, denotes the order projection onto (e},
then o (P,a) = o, (P,a) for all a € 2.

At this point we consider two complex Riesz algebras 2 and B with positive identities eg
and eg respectively and a linear operator 7 : 21 — B. We say that T is unital whenever
T (eyr) = ess. Also T is called an algebra homomorphism if T (ab) = T (a) T (b) for all
a, b € 2A. When 2 and B are complex f-algebras, unital Riesz homomorphisms coincide with
unital algebra homomorphisms.
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