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The paper proposes a hybrid system based approach for modelling of intracellular networks and introduces a
restricted subclass of hybrid systems – HSM –with an objective of still being able to provide sufficient power
for the modelling of biological systems, while imposing some restrictions that facilitate analysis of systems
described by such models.
The use of hybrid system based models has become increasingly popular, likely due to the facts that: 1) they
provide sufficiently powerful mathematical formalism to describe biological processes of interest and do it in
a ‘natural way’ from the biological perspective; 2) there are well established mathematical techniques as well
as supporting software tools for analysing such models. However often these models are very dependent on
the quantitative parameters of the system (concentrations of proteins, their growth functions etc.) that are
seldom exactly known, instead of more limited information of the system that can be observed in practice
(directions of change in concentrations, but not the exact values etc.). As a result these models may work
well for simulation of the system (prediction of its state starting from some initial conditions), but are too
complicated for prediction of all possible qualitatively different behaviours a modelled system might have.
With HSMwe try to propose a hybrid system based formalism that is still sufficiently powerful for description
of biological systems, while being as restricted as possible to facilitate the analysis of the systems described.
We separate between the quantitative system parameters and their qualitative values that can be observed in
practice. For HSM we provide an algorithm that analyses the system without the need to know the exact
parameter values.
We apply our model and analysis methods to a well-studied gene network of λ-phage. The phage has two
well-known qualitatively different behaviours – lysis and lysogeny. We show that our model has an attractor
structure that corresponds well to these two behaviours and that these are the only stable behaviours that can
be exhibited by the system. The algorithm also generates (in principle biologically verifiable) hypotheses
about the mutations of λ-phage that should change its observable behaviour.

© 2012 Elsevier B.V. All rights reserved.

1. Introduction

Study of the intracellular and gene regulatory network (GRN) be-
haviour in particular is one of the central topics of the systems biology.
No comprehensive definition of a gene network can be given easily, but
roughly it can be described along these terms –DNA encodes proteins, a
complex cellular machinery ‘reads’ the DNA and makes (expresses)

these proteins, the proteins then interact with other proteins and with
the DNA, and these interactions sometimes change the rate of expres-
sion. This dynamics can lead to a complex biological behaviour such as
cell growth, division, differentiation, death, and other types of qualita-
tive behaviour. When describing gene networks we can distinguish
between (1) network structure – a diagram showing which proteins in-
teract with what other elements of the network, and (2) numerical
parameters characterizing the strength of such an interaction and its
quantitative effects on expression. Note that experimentally it is often
difficult to measure the quantitative parameters of the model accurate-
ly. Assuming that it is possible to separate the structure and quantitative
parameters of the model, we can study to what extent the qualitative
behaviour of the system depends on the structure of the network alone,
and to what extent the exact quantitative values (relative or absolute)
of the parameters are crucial.

Motivated by these assumptions we propose a Hybrid System
Model (HSM) for the description of intracellular networks and GRNs
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in particular. HSM can be viewed as a restricted version of ‘typical’
hybrid system based models that still provide sufficient power for
modelling of biological systems, but the restrictions imposed upon
HSM facilitate the analysis of the models. HSM provides a direct
way of modelling both discrete events, such as protein binding, and
continuous behaviour, such as protein concentration changes.

The HSM approach allows separating the description of the network
structure and quantitativemodel parameters. The dynamical behaviour
of such a system can be described as a path through potentially infinite
state space, where each state is characterized by a discrete mode of the
system (e.g., which proteins have bound DNA) and the values of the
continuous variables (e.g., protein concentrations) at a certain point in
time. We formally define a qualitative observable behaviour of a hybrid
system and show that it is related to the model's attractor structure.
An attractor is a region in the state space to which the systemmay con-
verge and never leave it. It has been hypothesized that the attractors in
a biological system correspond to the possible phenotypes, such as cell
types (Kauffman, 1969). Our method enables us to study the attractor
structure of HSM and its dependence on the system's structure as well
as the concrete (absolute or relative) parameter values.

We apply ourmodelling and analysismethods to awell-studied gene
network of λ-phage (McAdams and Shapiro, 1995). λ-phage has two
known and qualitatively different behaviours – lysis and lysogeny. We
show that our model has an attractor structure that corresponds to
these two behaviours and is largely independent of the concrete param-
eter values. More precisely, themodel exhibits four possible behaviours,
one of which corresponds to lysis, one to lysogeny, and the remaining
ones to altered ‘lysis’ and ‘lysogeny’-like behaviours. Whether the sys-
temwill exhibit the normal or altered lysis/lysogeny behaviour depends
on the relative ordering of some of the parameter values. Constraints
on the relative order of parameter values have to be imposed in order
to achieve a correspondence between our model and real world
observations.

The hybrid system model proposed here is a continuation of the
authors' previous work on Finite State Linear Model (FSLM) (Brazma
and Schlitt, 2003; Ruklisa et al., 2005; Schlitt and Brazma, 2006).
The Hybrid System Model we are proposing can be regarded as both
simplification and extension of FSLM (by keeping with legacy we
will refer to this particular model as HSM and use the abbreviation
HS for hybrid systems in general). It drops a number of assumptions,
e.g. linear changes of the concentrations of biological substances – a
biologically questionable assumption that is not essential for the anal-
ysis of a model. It also allows to model some biological processes
directly even if they cannot be described simply by the activities of
the genes or their binding sites. (Although FSLM has turned out to
be suitable for describing λ-phage, it still required artificial ‘encoding’
of some biological processes.)

Hybrid system based models have become increasingly popular,
most likely because: 1) they provide a powerful mathematical formal-
ism for describing biological processes of interest and exploit it in a
‘natural way’ from the biological point of view; 2) well established
mathematical techniques as well as supporting software tools exist for
analysing such models. We omit a detailed survey and instead only
give references to some of the most known approaches here. It should
be emphasized that as far as we know all of these models can be used
for the simulation of the system and in some cases also for the formal
checking whether the model behaves as the modelled system should.
However, typically they are too dependent on the knowledge of param-
eters when trying to predict all possible observational behaviours of the
system.

The first explicit application of a HS based approach to the model-
ling of biological networks is probably due to (Alur et al., 2001), who
considers a very general class of HS models. Their research is based on
their earlier comprehensive work on HS (Alur et al., 1995), and uses a
special language for defining models in HS framework (Alur et al.,
2000). The authors show that HS models are very adequate for

description and simulation of biological networks, however they use
extremely general HS formalisms and rely heavily on specific differ-
ential equations that define the changes of continuous variables.

Another approach was developed by (de Jong et al., 2003; de Jong
et al., 2004). Their modelling framework is based on piecewise linear
(PL) differential equations describing continuous changes and does
not involve discrete states. However, discrete states are introduced
implicitly by the domains in which a particular set of equations apply.
The authors have developed a tool for simulation and have applied it
for modelling of a specific behavioural cycle of Bacillus subtilis. A very
similar model based on PL differential equations has been used by
(Batt et al., 2005) to model nutritional stress response in E. coli.

The first HS model specifically tailored for modelling biological
systems was likely proposed by (Ghosh and Tomlin, 2004), who intro-
duced piecewise affine hybrid automata. This is a formalism based on
restricted HS where the changes of continuous variables are limited
by the changes induced by their interaction with an affine vector field
(this still allows for quite complicated behaviour). These restrictions
allow to design a practical algorithm for computing backward reachable
sets from equilibrium states. The method is applied to the model of
Delta-Notch signalling, however the authors note that the setting is
too simplistic for judging the method's biological relevance.

GRNmodels that are based on Timed Automata (TA) are related to
both hybrid system and FSLM based approaches and have been pro-
posed by (Batt et al., 2007) and (Siebert and Bockmayr, 2008). The
models do not include continuous variables explicitly describing con-
centrations of proteins. Nevertheless continuous variables are used
for the time delays and these in turn allow to describe linear changes
of concentrations. The approach is demonstrated on a number of ex-
amples, including models of λ-phage, although the λ-phage model is
rather simplified as it includes just 2 genes: cro and cI. Noting the dif-
ficulties incorporating the gene cII into their model Siebert and
Bockmayr (2008) suggest that TA models might be too weak for a
more realistic description of λ-phage.

A Linear Hybrid Automaton (LHA) that is specifically tailored for
GRNs is proposed by (Ahmad et al., 2007). Based on PL differential
equations, it is one of a few models which attempt to distinguish be-
tween quantitative and qualitative aspects of the system. The authors
also study the stability (cyclicity) of the system and provide an algo-
rithm for checking whether the proposed conditions are either suffi-
cient or necessary for such a behaviour to occur. The method has
been applied to a study of mucus production system in P. aeruginosa.
The state space of this model is very small however, consisting of just
6 states.

One of the most recent studies by (Fromentin et al., 2010) pro-
poses a HS based Temporal Evolution Model. The method is applied
to a model of Drosophila circadian cycle. Model checking software is
used to identify the constraints that guarantee the cyclic behaviour
of the system. Like in most HS based approaches (but not HSM) the
model allows instant resetting of the values of continuous variables
to 0. It is not clear whether such a functionality of the model has a bi-
ological interpretation or just artificially enforces the desired cyclic
behaviour.

2. Materials and methods

2.1. HSM modelling framework

A general hybrid system can be described by a transition diagram
(oriented graph) between a finite number of ‘modes’, a set of contin-
uous variables, a set of continuous functions according to which the
variables change in a given mode, and a set of conditions (predicates)
which determine when the system switches from one mode to anoth-
er. When such a system is used to model a gene regulatory network,
the modes represent different combinations of transcription factor
binding site states (the binding site states are determined by proteins
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