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a b s t r a c t

Four possible aggregation models in surfactant solutions are considered. It is shown that only the model
taking into account interactions between clusters of sub-micellar size shows a transition to the micelles
formation at a concentration above the CMC.

© 2009 Elsevier B.V. All rights reserved.

1. Introduction

Surfactants are widespread in nature, industry and everyday life
[1–5]. They play an important role in many technological applica-
tions, such as dispersion stabilization, enhanced oil recovery, and
lubrication. It may be argued that surfactants are the most widely
spread chemicals in the world.

Surfactant molecules are diphilic, with a hydrophilic head and
a hydrophobic tail. That is why they preferably adsorb on inter-
faces. They are soluble both in oil and aqueous phase with solubility
depending on their hydrophile–lipophile balance (HLB) [6]. At low
concentrations surfactant molecules are believed to exist in the
solution mainly as single molecules. If the concentration increases
and reaches some critical value, CMC, the surfactant molecules
form new objects referred to as micelles [6–13]. In aqueous solu-
tions hydrophobic tails are collected inside the micelle and only
hydrophilic heads are exposed to the aqueous phase.

The detailed picture of the micellization kinetics and routes of
micelles formation is still under consideration in spite of the clear
understanding of thermodynamic background of the micelles for-
mation [7,14,15]. Theoretical models have been suggested, which
allow evaluation of the relaxation times associated with micel-
lar solutions. A two-state model [16,17] considers a monomeric
state and an associated state consisting of all species larger than
the monomer unit. This model describes only the fast process
(temperature-jump, pressure-jump, stopped flow) and makes the
assumption that the rate constant for association and dissocia-
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tion of the monomer from the micelle is independent of the size
of micelles. A theory of relaxation applicable for both slow and
fast processes has been developed [18–20] using a quasi-chemical
approach [13]. The approach is based on the application to surfac-
tant solutions the theory of aggregation (coagulation) of colloids
proposed by Smoluchowsky [21] and further developed in [22],
where disaggregation processes were taken into account.

According to [18–20] the most probable way of relaxation in
micellar solutions is the exchange by single molecules between
micelles and solution. The latter mechanism is the consequence
of the bimodal size distribution: small aggregates, mainly singlets,
and proper micelles. This model is supported by thermodynamic
studies [23,24] as well as experimental data [25]. Further devel-
opment of conception of micelles formation was performed in
[26–34] including consideration of micellization starting from
initial monomolecular state [25,30,32]. Approach developed in
[32–34] allows calculation of equilibrium concentrations singlets
and micelles as well as the relaxation times if the values of max-
imum and minimum work on aggregates formation are known,
for example, from thermodynamic estimations [23,24]. It was
shown in [26–31] that under certain conditions (for ionic sur-
factants, block copolymers, etc.) the fusion/fission of aggregates
could be important route of micelles formation. Note that in
the studies discussed above only symmetrical processes aggre-
gation/disaggregation have been considered with rate constants,
which depend on the thermodynamic characteristics of aggregates
(work on aggregate formation).

Below different kinetic models of micelle formation including
asymmetric ones are considered to establish the aggregation model,
which predicts the formation of clusters (doublets, triplets and so
on) in non-ionic aqueous surfactant solutions below the CMC and
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micelles formation above the CMC. The quasi-chemical approach is
used.

In this part we briefly summarize the known theoretical results
relevant to the quasi-chemical approach of the micelles formation
[13,22,35]. The terminology used in [22,35] is adjusted below for
the consideration of surfactant solutions.

Let ni(t), i = 1, 2, 3, . . . be the number concentration of clusters
with 1, 2, 3, . . . initial molecules at the moment t. The rate of aggre-
gation of two clusters of sizes i and j in one bigger cluster of size i + j
is ai,jninj, where ai,j, i, j = 1, 2, 3, . . . are corresponding aggregation
rates. The rate of disaggregation of the cluster of size i + j into two
smaller clusters of sizes i and j, respectively, is bi,jni+j, where bi,j, i,
j = 1, 2, 3, . . . are disaggregation rates. Aggregation/disaggregation
rates satisfy the following symmetry conditions: ai,j = aj,i, i, j = 1, 2,
3, . . ., bi,j = bj,i, i, j = 1, 2, 3, . . ..

Using the above notations development over time of cluster con-
centrations can be written as [22,35]:

dnk

dt
= 1

2

k−1∑
i=1

�i,k−i −
∞∑

i=1

�k,i, k = 1, 2, 3, . . . , (1)

where �ij = ai,jninj − bi,jni+j .
The first sum in the right hand side of Eq. (1) represents all aggre-

gation/disaggregation events with cluster those sizes range from 1
to k − 1 (the total flux to the state k from all possible states i < k),
while the second sum in the right hand side represents all aggre-
gation/disaggregation events with clusters those sizes range from
k to ∞ (the total flux from the state k to all states i > k).

System of differential equations (1) can be rewritten in a more
conventional form as

dnk

dt
= 1

2

k−1∑
i=1

ai,k−inink−i − nk

2

k−1∑
i=1

bi,k−i − nk

∞∑
i=1

ak,ini

+
∞∑

i=1

bk,ink+i, k = 1, 2, 3, . . . . (2)

It is possible to show that the latter system of differential equa-
tions satisfies the condition of conservation of the total number
of surfactant molecules in the system under consideration at any
aggregation/disaggregation rates ai,j, i, j = 1, 2, 3, . . ., bi,j, i, j = 1, 2, 3,
. . ., which satisfy the symmetry conditions:

∞∑
k=1

knk = N, (3)

where N is the initial number concentration of single surfactant
molecules.

Let n =
∑∞

k=1nk be the total number of aggregates. Using Eq. (2)
it is possible to conclude that

dn

dt
= − 1

2

∞∑
i,j=1

(ai,jninj − bi,jni+j). (4)

Let us consider the steady state solution of the system of Eq. (2),
that is,

0 = 1
2

k−1∑
i=1

ai,k−inink−i − nk

2

k−1∑
i=1

bi,k−i − nk

∞∑
i=1

ak,ini

+
∞∑

i=1

bk,ink+i, k = 1, 2, 3, . . . (5)

The important conclusion obtained in [13,35] is as follows: the
steady state solution of the system (5) corresponds to the minimum
of the free energy of the system under consideration.

2. Models of aggregation/disaggregation

Below we distinguish between clusters (doublets, triplets, and so
on, with number of surfactant molecules smaller than in micelles)
and micelles itself. Four different aggregation/disaggregation mod-
els are considered below. It is shown that only one of these models,
Model C, results in a transition from low sized cluster formation
to the micelles formation at and above some critical concentra-
tion of surfactant molecules. All other models show a continuous
increase in averaged cluster size with the increase of the surfactant
concentration.

Model A (Fig. 1(A1 and A2)): aggregation/disaggregation of sur-
factant molecules according to this model occurs via exchange
by one molecule at the time between clusters/micelles as shown
in Fig. 1(A1 and A2) there only single molecules can be con-
nected/disconnected to/from any cluster (including micelles if any).
This model corresponds to that proposed in [18–20] and generally
accepted now.

According to Model B (Fig. 1(B1 and B2)), aggregation/disaggre-
gation of clusters of any size can take place.

Connection/disconnection of clusters/individual surfactant
molecules go in a symmetrical way according to Models A and B.

With Model C aggregation/disaggregation of clusters (or micelles
if any) occurs asymmetrically: clusters of any size can aggregate but
only single molecules can leave clusters or micelles. Fig. 1(C1 and
C2) shows that clusters of different sizes can be connected into a
new bigger cluster/micelle but only single molecules can discon-
nect from the cluster/micelle.

Usually Models B and C are excluded from the consideration
arguing that there is a strong bimodal distribution (single molecules
and equilibrium micelles) in surfactant solutions above the CMC,
concentration of submicellar clusters is small and therefore contri-
bution of cluster/cluster interaction could be neglected. It is true for
many solutions close to equilibrium at concentrations far above the
CMC. However, we consider the equilibration process, which started
from the solution, where only monomers are present. Therefore,
presence of small clusters is inevitable and should be taken into
account. Moreover, even in the solutions close to equilibrium at
concentrations close to CMC and above it the contribution from the
clusters in the relaxation processes is sometimes very important as
it is shown in Refs. [26–31,36,37].

With Model D aggregation/disaggregation of clusters (or micelles
if any) occurs also asymmetrically: only single molecules can join
clusters but clusters of any size can disaggregate. Fig. 1(D1 and D2)
presents this situation.

Analytical solutions and numerical simulations below show that
in the case of Models A, B, and D equilibrium distribution of dou-
blets, triplets and so on develops continuously with concentration
and does not undergo a transition to the micelles formation at any
concentration.

Situation is completely different (see below) in the case of the
Model C (Fig. 1(C1 and C2)): equilibrium distribution of low sized
clusters (doublets, triplets, and so on) is possible only at concen-
trations below some critical. Above this critical concentration the
system undergoes a transition to the micelles formation which
results in the formation of a new very distinct bimodal distribution.
The latter means that this critical concentration is the CMC.

In the case of pure Brownian aggregation ai,j, i, j = 1, 2, 3, . . . are
determined by Smoluchowsky [21,38] as

ai,j = 2kT

3�

(
1
ai

+ 1
aj

)
(ai + aj), (6)
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