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a b s t r a c t

Finite contact line conditions lead to subsurface stress distributions determined by the free boundaries.
Combined with a correction procedure, Semi-Analytical Methods (SAMs) accurately include the free
boundary effects, and represent a rapid alternative to the Finite Element Method (FEM) for contact
pressure calculation. This paper extends the free boundary correction procedure to the evaluation of
surface and subsurface stresses from SAMs. The investigation integrates a validation based on a two-
level factorial comparison confronting the stress distributions established with the developed procedure
to results obtained from FEM models. The comparison examines three dimensionless factors, and shows
that the stress distributions are evaluated with a high level of precision. The model also offers evaluation
more than 125 times faster than FEM simulations.

& 2014 Elsevier Ltd. All rights reserved.

1. Introduction

Non-conformal contact interfaces undergo severe stress fields [1].
Finite contact line conditions existing in applications such as gears
or cams may present additional stress concentrations close to the
associate free boundaries and resulting edges [2]. Under Hertzian
conditions, the maximum shear defining the contact critical area
appears at a short distance beneath the surface. The presence of free
boundaries, asperity contact or sliding (non-Hertzian contact) may
affect the location of the maximum value of the stresses [3,4].
However, under any conditions, the surface and subsurface stress
distributions are controlling factors of the contact fatigue life. There-
fore, accurate rolling contact fatigue life prediction requires precise
descriptions of stress fields near discontinuity zones [5–11].

Since contact pressure distribution evaluation is essential for
obtaining the surface and subsurface stress fields, under non-
Hertzian contact conditions, numerical modeling becomes inevitable.
The Finite Element Method (FEM) often appears as the easiest
approach. Nevertheless, obtaining the necessary precision requires
very fine FEM meshes, normally resulting in prohibitive calculation
times. Alternatively, Semi-Analytical Methods (SAMs) based on the
Boussinesq–Cerruti solution for point tractions acting on elastic half-
space represent an efficient way to deal with the pressure distribu-
tion problem. The half-space assumption also offers closed-form

expressions for stress calculation [12,13]. However, this approach is
obviously unable to account for finite contact interfaces, and, conse-
quently, leads to non-realistic values close to or at the contact
extremities. Hence, when applied to such conditions, SAMs need to
be corrected. For the pressure calculation, Hetényi [14,15] proposed
the application of virtual mirrored pressures for shear stress elimina-
tion and an iterative treatment for normal stress correction. Recently,
Guilbault [16] introduced a correction factor (Eq. (1)) which multi-
plies the mirrored pressures to simultaneously correct the shear and
normal stress influence on the surface displacements. Compared to
the complete Hetényi process, because it eliminates the iterative
treatment, this last procedure drastically reduces the calculation
times. Once the corrected pressure distribution is established, the
surface and subsurface stresses may be evaluated with the closed-
form expressions available in the literature [17–23]. However, to the
author's knowledge, the literature provides no particular adaptation
procedure for those expressions, and therefore, the underlying half-
space assumption once again leads to unsound stress evaluations
close to the body limits

ψ ¼ 1:29� 1
1�ν

ð0:08�0:5νÞ ð1Þ

This paper introduces a simple complementary correction
procedure for surface and subsurface stress evaluation in real
delimited bodies. The study includes a validation section in which
a two-level factorial comparison incorporating three dimension-
less factors confronts the stress distributions established with the
developed procedure to results obtained from FEM models.
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2. Contact of two elastic bodies

2.1. Pressure distribution

The general dry contact problem resolution procedure is well
described and validated in Ref. [16]. In the present paper, the contact
pressure distributions are obtained from the same algorithm. Fig. 1
illustrates the procedure when applied on two of the free boundaries
(Fb1 and Fb2) of a roller/rectangular body contact problem; the solution
domain is divided into constant pressure cells of lengths 2a and 2b in
the x and y directions, and the flexibility matrix written for the
resulting mesh. Eq. 2 gives the flexibility coefficients for a cell ij of the
surface, when pressure (P) is applied on a cell kl. In order to account
for the body limits, the pressure cells are mirrored with respect to the
free boundaries (P0 for Fb1 and P0 0 for Fb2), and their influence
integrated into the flexibility matrix. The first correction eliminates
the free boundary artificial shear stress. To remove the remaining
normal stress influence, each mirror cell contribution is multiplied by
Guilbault's factor (ψ, Eq. (1)) prior to its integration into the flexibility
matrix. This last operation completely releases the boundaries. Eq. 3
establishes the relation between the pressure distribution and the
surface displacement at position (i, j)
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2.2. Stress distribution

The expressions for the surface and subsurface stress produced
by a contact pressure acting on a rectangular patch on the surface
of an elastic half-space were first presented by Love [19]. Based on
these expressions, the stress tensor at any point p (xp, yp, zp) of the
half-space resulting from pressures distributed over constant
pressure cells kl is written as presented by Eqs. (4)–(10) [23]:
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p
, x¼ xk�xp, y¼ xk�yp and z¼ zp ðzpZ0Þ.

Fig. 2 shows the 3D stress state obtained for a quarter-space
defined by one free boundary, when treated with the previous
equation. As before with the pressure calculation, the half-space
assumption generates artificial normal and shear stresses on the
free surface. In reality, syy, syz and syx are null at the free
boundary. Therefore, once the pressure distribution is evaluated,
the stress distribution computation also demands a free boundary
stress elimination.

Nomenclature

γ Stress transition factor
ν Poisson ratio
ψ Guilbault's correction factor
ρ Spatial radius
τmax Maximum shear stress
sij Stress tensor
a Half-length of a cell
b Half-width of a cell
C Half-width of Hertzian contact
E Young modulus
En Contact modulus

fij,kl Flexibility matrix
L1, L2 Length of bodies 1 and 2
Lr Dimensionless contact length ratio
P0, P″ Mirrored pressures
Pkl Cell constant pressure
R Equivalent roller radius
Sl Dimensionless contact slenderness
uij Deflection of a cell
w Load
W Dimensionless load factor
xg, yg, zg Global coordinate system
x, y, z Local coordinate system
x, y, z Relative position
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Fig. 1. Roller and rectangular body contact.
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