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1. Introduction

If a subject is asked to stand as still as possible on a force plate,
small oscillations of the center of pressure (COP) can be observed
[1]. Quantification of these fluctuations is considered to be an
essential part of posturography and is important for research and
clinical utility [2]. Among a great variety of parameters the
computation of sway area is a traditional and widely used method.
A geometrically simple figure is an ellipse that encloses about
100(1 � a)% of the observations in the scatter plot [3]. However, as
an ellipse including this characteristic cannot be univocally
constructed, terminologies have to be formulated more precisely.
However, with respect to literature, definitions and terminologies
have been misused in many cases. For instance, Prieto et al. [4] and
Prieto and Myklebust [5] use the term ‘confidence ellipse’;
however, underlying calculations are conceptually referred to
‘prediction ellipses’ which was spuriously adopted by several
authors [6–10]. Both terms are the bivariate analogs of the
univariate views on confidence and prediction intervals with
different prerequisites and underlying formulas. Moreover, some
confusion prevails concerning calculation methods. As in the past
computations implemented regression analysis, more recent
investigations are based on the theories of principal component
analysis (PCA) in order to gain uniqueness of the ellipse. The latter
method is proposed by Oliveira et al. [11] which to their point of

view ‘‘does not appear to have been considered for this purpose
before’’. First, the introduced procedure can be reduced to an Eigen
value problem. Second, similar procedures have been published by
others yet [5,12].

The quite simple formulas and procedures were unnecessarily
complicated by many authors and it can be shown that they could
be merged into each other. In addition, some formal mistakes
regarding published equations [4,7,13] are revealed. Inter-study
comparisons in posturography require adequate standardization
of the calculation methods. This work features a comprehensive
and consistent overview of the methods for elliptic area
approximation contrasting the principles of confidence and
prediction ellipses.

2. Basic considerations

For this purpose, we have to differentiate between the
construction of confidence and prediction regions. Therefore, we
present basic assumptions from a statistical point of view.
Subsequently, we refer specifically to area calculation of confi-
dence and prediction ellipses.

2.1. Confidence and prediction intervals

First, we would like to reduce the distinction to the univariate
case [14]. In practice, the population mean m and its standard
deviation s are not known. One estimates the true population
mean m from the observed data and asks how good the estimation
is. When x̄ is the sample mean, one would like to define a region
around x̄ which covers with 100(1 � a)% of probability the true
value m. Let X̄ ¼ 1=n

Pn
i¼1 Xi be the estimation function. According
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A B S T R A C T

The quantification of postural sway is considered to be an essential part of posturography and is

important for research and clinical utility. A widely used method to calculate the scatter of center of

pressure data is an ellipse that encloses about 100(1 � a)% of the observations. However, underlying

definitions and terminologies have been misused in many cases. Hence, outcomes of different studies are

proved to be incommensurable. In order to attain inter-study comparability, standardization of

calculation methods has to be advanced. This work features a comprehensive and consistent overview of

the methods for elliptic area approximation contrasting general principles of confidence and prediction

regions. As a result, we recommend the usage of the prediction ellipse, as far as we demonstrate that

confidence ellipses emerge to be inappropriate for posturographic scatter evaluation. Furthermore, we

point at problems that come along with different sample sizes.
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to the central limit theorem X̄ follows a normal distribution. That
is, X̄ � Nðm; s2=nÞ which results in ðX̄ � mÞ � Nð0; s2=nÞ: Denote a
random variable ZC ¼ X̄ � m with mean 0 and standard deviation
s=

ffiffiffi
n
p

. Then we can define

P �zð1�a=2Þ �
ZC

s=
ffiffiffi
n
p � zð1�a=2Þ

� �
¼ 1 � a; (1)

with z(1 � a/2) being the (1 � a/2)-quantile of the standard normal
distribution. This can be transformed into

P X̄ � zð1�a=2Þ
sffiffiffi
n
p � m � X̄ þ zð1�a=2Þ

sffiffiffi
n
p

� �
¼ 1 � a: (2)

With respect to a realization based on a sample of size n where
the unknown standard deviation s is estimated by

s ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1=ðn � 1ÞÞ

Pn
i¼1 ðxi � x̄Þ2

q
the confidence interval is given

by [14]

x̄ � tð1�a=2Þ;n�1
sffiffiffi
n
p ; x̄ þ tð1�a=2Þ;n�1

sffiffiffi
n
p

� �
; (3)

with t(1 � a/2),n � 1 being the (1 � a/2)-quantil of the t-distribution
with (n � 1) degrees of freedom. The t-distribution converges
against the normal distribution for large n. The confidence interval
determines a region which covers with 100(1 �a )% of probability
the unknown population mean.

In contrast, prediction intervals estimate an unknown future
observation from the statistic of the observed sample. The task is to
create limits to the sample mean x̄ so that with 100(1 � a)% of
probability the future observation will fall into the prediction
interval. Let Z be a new single observation. We define a random
variable ZP ¼ Z � X̄ with mean 0 and standard deviation
s �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 þ ð1=nÞ

p
. As before (Eq. (1)) we have

P �zð1�a=2Þ �
ZP

s �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 þ ð1=nÞ

p � zð1�a=2Þ

  !
¼ 1 � a; (4)

which gives a prediction interval [14]

x̄ � tð1�a=2Þ;n�1s

ffiffiffiffiffiffiffiffiffiffiffiffi
1 þ 1

n

r
; x̄ þ tð1�a=2Þ;n�1s

ffiffiffiffiffiffiffiffiffiffiffiffi
1 þ 1

n

r" #
: (5)

Confidence intervals will shrink as the sample size n increases
because limn ! 11=

ffiffiffi
n
p
¼ 0. Prediction intervals, on the other hand,

will have a limit of ðzð1�a=2Þ � sÞ as it is limn ! 1 t 1�a=2ð Þ; n�1 ¼ zð1�a=2Þ
and limn ! 1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 þ ð1=nÞ

p
¼ 1. In opposition to confidence intervals,

they have to cope with both the uncertainty of the true population
mean and the scatter of the sample, which means that the region is
on average broader.

2.2. Confidence and prediction ellipses

The theories on confidence and prediction regions can be
extended to the multivariate case. In posturography a bivariate
view complies with this purpose (see Appendix section c). For large
n, the bivariate confidence region is a confidence ellipse, which can
be seen as the contour lines of the bell-shaped mound of the
bivariate normal population distribution. Two parameters are
required (we denote vectors and matrices in bold letters): the

population mean vector m ¼ mx

my

� �
for which the estimate

function is X̄ ¼ 1
n

Xn

i¼1

Xi

Xn

i¼1

Yi

0
BBBB@

1
CCCCA, and population covariance matrix

S ¼ s2
x sx;y

sx;y s2
y

� �
, which is estimated by the unbiased sample

covariance matrix S ¼ s2
x sx;y

sx;y s2
y

� �
. The random variable ZC ¼

X̄ � m then has mean 0 and covariance ð1=nÞ S (estimated by
ð1=nÞ S). We can write (see Appendix section a):

P n � ZC
T S�1ZC � T2

1�að Þ;2;n�2

� �
¼ 1 � a (6)

where �ð ÞT is the transpose and T2 is the Hotelling T-squared
distribution with 2 and (n � 2) degrees of freedom which forms the
multivariate generalization of the t-distribution [15]. It can be
shown that T2

2;n�2 ¼ ð2ðn � 1Þ=ðn � 2ÞÞ F2;n�2, where F2;n�2 is the
Fisher-distribution with 2 and (n � 2) degrees of freedom [16]. A
similar notation to Eq. (6) can be found in Sokal and Rohlf [3]. We
expect the confidence ellipse covers with a 100(1 � a)% of
probability the true population mean m.

With respect to posturography, we want to describe the ellipse
itself. The directions x and y are now referred to the medial–lateral
and the anterior–posterior component of the COP motion with

sample mean x̄ ¼ x̄
ȳ

� �
. After the division by n we get

x̄ � mð ÞT S�1 x̄ � mð Þ ¼ 2 n � 1ð Þ
n n � 2ð Þ Fð1�aÞ;2;n�2: (7)

The left side can be also merged into

s2
x s2

y

s2
x s2

y � s2
xy

ðx̄ � mxÞ
2

s2
x

þ
ðȳ � myÞ

2

s2
y

�
2sxyðx̄ � mxÞðȳ � myÞ

s2
x s2

y

" #

¼ 2ðn � 1Þ
nðn � 2Þ Fð1�aÞ;2;n�2: (8)

This equation can now be solved to get a region around mx and my

with a given probability of 100(1 � a)% as this is preset by the F-
value.

An equal form can be looked-up in Rocchi et al. [17]. However,
the authors mix the theories of confidence and prediction ellipses
as they talk of confidence but calculate prediction ellipses. The
right side of Eq. (8) demonstrates a coefficient which limits the size
of the confidence ellipse. With larger n its size will shrink:
limn ! 1 2ðn � 1Þ=nðn � 2Þ ¼ 0 (for n > 101 the coefficient is less
than 0.01). If the experimenter wants to describe the scatter or
covariation of the data, a prediction ellipse will be more
appropriate. Consider Z as a vector of a new observation and ZP ¼
Z � X̄ a random variable with mean 0 and covariance (1 + 1/n)S.
Then, the probability of the prediction region can be denoted as

P 1 þ 1

n

� ��1

� ZP
T S�1ZP � T2

1�að Þ;2;n�2

  !
¼ 1 � a: (9)

Multiplying the factor (n + 1)/n the equation for the prediction
ellipse is then defined by [18]:

z � x̄ð ÞT S�1 z � x̄ð Þ ¼ 2 n þ 1ð Þ n � 1ð Þ
n n � 2ð Þ F 1�að Þ;2;n�2: (10)

For large n it is limn ! 1 2ðn þ 1Þðn � 1Þ=nðn � 2ÞF 1�að Þ;2;n�2 ¼
2F 1�að Þ;2;n�2 (for n > 202 the coefficient is less than 1.01). The
right side approaches the Chi square distribution with 2 degrees of
freedom: limn ! 1 2 � F 1�að Þ;2;n�2� x2

1�að Þ;2: The bivariate prediction
region is an ellipse that covers with 100(1 � a)% of probability
the future observation Z. A 100(1 � a)% prediction region for the
next observation is identical to a 100(1 � a)% tolerance region of
type 2, due to the following definition: A bivariate tolerance
region is an ellipse such that the expected value of the proportion
of the population contained in the ellipse is exactly 100(1 � a)%
[18].

The constructions of confidence and prediction regions differ in
their assumptions. Both regions are located around the sample
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