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Due to the availability of good and reasonably priced auxiliary data, the use of model-based regression-synthetic
estimators for small area estimation is popular in operational settings. Examples are forest management inven-
tories, where a linking model is used in combination with airborne laser scanning data to estimate stand-level
forest parameters where no or too few observations are collected within the stand. This paper focuses on differ-
ent approaches to estimating the variances of those estimates.We compared a variance estimatorwhich is based
on the estimation of superpopulation parameters with variance estimators which are based on predictions of
finite population values. One of the latter variance estimators considered the spatial autocorrelation of the resid-
uals whereas the other one did not. The estimators were applied using timber volume on stand level as the var-
iable of interest and photogrammetric image matching data as auxiliary information. Norwegian National Forest
Inventory (NFI) data were used for model calibration and independent data clustered within stands were used
for validation. The empirical coverage proportion (ECP) of confidence intervals (CIs) of the variance estimators
which are based on predictions of finite population values was considerably higher than the ECP of the CI of
the variance estimator which is based on the estimation of superpopulation parameters. The ECP further in-
creased when considering the spatial autocorrelation of the residuals. The study also explores the link between
confidence intervals that are based on variance estimates as well as the well-known confidence and prediction
intervals of regression models.

© 2015 The Authors. Published by Elsevier Inc. This is an open access article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

The use of airborne laser scanning (ALS) data in operational forest
management inventories (FMI) has a long tradition in the Nordic
countries (Maltamo & Packalen, 2014; Næsset, 2014). Usually, the
area-based approach (ABA) is adopted, where the study area is gridded
into small cells for which height and densitymetrics are calculated from
ALS data (Næsset, 1997, 2014). A model linking the variable of interest,
such as timber volume, to the ALS metrics is estimated using field
sample plots where the variable of interest and the ALS data are both
available. The linking model is then applied to the grid cells to map
the timber volume. A main product of an FMI is a map of mean stand-
level timber volumewhere themapped value for each stand is calculat-
ed as the mean of timber volume predictions for grid cells whose
centers are in the stand.

Although the ABA was developed using ALS data, it is well suited for
the use with other remote sensing data providing high-resolution height
information. For example, photogrammetric image matching data are

increasingly popular to estimate forest parameters using the ABA due to
the increasing availability of high-quality digital terrain models as well
as improved hard- and software (e.g., Bohlin, Wallerman, & Fransson,
2012; Breidenbach & Astrup, 2012; Vastaranta et al., 2013).

In the terms of survey sampling, the ABA is one formof small area es-
timation (SAE), since the stands are so small or so remote that few if any
sample plots are located within them. From the perspective of SAE, ALS
metrics are auxiliary data and aggregating the predictions for grid-cells
at stand-level is a synthetic estimate for a small area (Rao, 2003, p. 46).
This estimate is termed synthetic because only model predictions are
used, with no correction for model prediction errors. While design-
based estimators are generally preferred in forest inventories if enough
field observations are available because they are asymptotically unbi-
ased, synthetic estimators are generally model-based (Chambers &
Clark, 2012, p. 169). The basic difference between model-based and
design-based inference is the source of randomness (Kangas, 2006).
Whereas randomness is introduced by sample selection in design-
based inference and observations are assumed to be fixed values, the
observations are assumed to be a random realization of a joint distribu-
tion known as the superpopulation in model-based inference. One
consequence of the differences in these underlying assumptions is
that probability samples are not necessary for model-based estimators.
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For an introduction to model-based inference and a comparison to
design-based inference see Gregoire (1998).

Although studies aiming at small area estimation using remotely
sensed data are plentiful, the uncertainty of estimates is often ignored
for management applications. While the number of SAE studies in
forestry including inference is increasing (e.g., Breidenbach & Astrup,
2012; Goerndt, Monleon, & Temesgen, 2013; Lappi, 2001; Magnussen,
Mandallaz, Breidenbach, Lanz, & Ginzler, 2014; Steinmann, Mandallaz,
Ginzler, & Lanz, 2013), the number of studies that provide methods for
stand-level inference using synthetic estimators is small (e.g., Kangas,
1996; Mandallaz, 2013; McRoberts, 2006).

In this study, we focus on synthetic estimation, which is relevant
for small areas that frequently contain no or too few observations to
apply other estimators. The context of the study is model-based in-
ference which assumes that an entire distribution of observations
is possible for each population unit. In this context, prediction of an
individual observation (a finite population value) is distinguished
from estimation of the expected value of the distribution of observa-
tions (a superpopulation parameter) (Kangas, 2006, p. 40). Although
the prediction of an observation and the estimate of its expected value
are the same for models relevant in our context, the variance estimates
may be quite different. This paper focuses on different approaches to
estimating the variances.

A variance estimator based on the estimation of superpopulation
parameters just considers the variance resulting from the estimation
of the model parameters and is therefore independent of stand size
(e.g., Kangas, 1996; Mandallaz, 1991; McRoberts, Andersen, & Næsset,
2014).

Kangas (2006) and McRoberts (2006) described a variance estima-
tor which is based on predictions of finite population values rather
than estimates of superpopulation parameters. The estimated variance
is therefore dependent on stand size. Kangas (2006) described the
basic form of the variance estimator in a general setting, not specifically
for SAE. McRoberts (2006) extended the variance estimator for spatial
autocorrelation and applied it to the binary variable forest/non-forest.
We modify the variance estimator described by McRoberts (2006) for
application to a continuous response variable for which we accommo-
date heteroskedasticity and spatial autocorrelation.

The aimof this study is to compare a variance estimator based on the
prediction of superpopulation parameters with variance estimators
based on predictions of finite population values in the context of syn-
thetic estimation. Furthermore, we link the variance estimators to the
concepts of prediction intervals and confidence intervals well-known
from regression analysis.

In a case study, we use Norwegian National Forest Inventory (NFI)
data to estimate stand-level mean timber volume. Photogrammetric
image matching data processed using the ABA serve as auxiliary infor-
mation. To compare estimators, the empirical coverage proportions
(ECP) of the confidence intervals based on thedifferent variance estima-
tors are obtained using independent validation data.

2. Methods

2.1. Estimators

A linking model describes the statistical relation between the
response (variable of interest) denoted y and the auxiliary variables x
which, in this case, are obtained from remotely sensed data

yi ¼ f X i;βð Þ þ εi; i ¼ 1;…;nf g; ε ∼N 0;σ 2
εW

� � ð1Þ

where i indexes observations, X = (X1
T, ⋯, Xn

T)T = (1 x1 ⋯ xp) is a
n × (p + 1) design matrix, p is the number of auxiliary (explanatory)
variables, β= (β0, β1,⋯, βp)T is a vector of model parameters to be es-
timated, and εi is a residual.

The residual variance is expressed as the product of σε
2 and a n × n

matrixWwhere σε
2 is the mean square residual. In the case of homoge-

neous variances, W is an identity matrix (wii = 1). In the case of
heteroskedsticity, the diagonal elements contain appropriate weights
wii that result from a variance model. In the case of autocorrelation, also
the off-diagonal elements contain appropriate weights wij that result
from a model describing the correlation pattern among the residuals.

To simplify the following estimators, we assume a linear model f.
While we assume that the auxiliary variable is available wall-to-wall
in the areas of interest, the response is only observed at a sample of
the population. In forest inventories, the response is typically observed
at n sample plots systematically distributed over the landscape with
distances between plots in the range 100–1000 m.

In general, synthetic estimators describe a group of estimators for
small areas that are based on a population level model, assuming that
the characteristics of the large area hold for the small areas (Gonzalez,
1973; NCHS, 1968). This means that differences in estimates for differ-
ent areas are explained by differences in the auxiliary variables rather
than differences in relationships between the response and auxiliary
variables (Särndal, Swensson, &Wretman, 1992, p. 411). Synthetic esti-
mators are potentially biased, but the bias can be small if the linking
model holds in the small area.

Suppose, enough observations were available within a small area to
support fitting a local linking model just for the small area. If the esti-
mated model parameters of the local linking model are very similar to
those for the linking model fitted to the large area, the bias of the syn-
thetic estimator would be small. However, usually large numbers of
observationswithin stands are not available in operational forest inven-
tories. The bias of the synthetic estimator will therefore usually remain
unknown.

The regression-synthetic estimator (Rao, 2003, p. 46), as one specific
synthetic estimator, is the mean of predictions of a linking model for
units within a small area. If the linking model is a linear regression
model as assumed in this study, the mean of the model predictions
equals the product of the means of the auxiliary variables ðXÞ and the
regression coefficient estimates

bYm ¼ X
T
mβ̂ ¼ 1

Nm

XNm

i¼1

f X i; β̂� �
¼ 1

Nm

XNm

i¼1

μ̂ i ð2Þ

where i = {1,…, Nm}, Nm is the number of population elements within
small area m, and m = {1, …, M} where M is the total number of small

areas. The upper case letter bYm is used for the small area-level estimate
which is the estimated mean of predictions for population elements μ̂ i.
Very small areas can also consist of only one population element in

which case bYm ¼ μ̂ i; i ¼ 1. The notation μ̂ indicates that themodel predic-
tion is an estimate of the superpopulation parameter (the expected value
of the linking model given the explanatory variables), not a prediction of
the observation, ŷ. The first representation of estimator (2) is applicable
for linear models (Kangas, 1996; Mandallaz, 1991), the second and
third representation is more generally valid (e.g., also for nonlinear
models) (McRoberts, 2006; McRoberts, Næsset, & Gobakken, 2013).

In the ABA, the population elements are often designated grid-cells
and the small areas are typically stands. Typically, some of the grid
cells will overlap with the sample plots used to fit the linking model
(1). While Næsset (1997) was among the first to apply the regression-
synthetic estimator in the ABA, Kangas (1996), McRoberts (2006),
Mandallaz (2013), and McRoberts et al. (2013) have, among others,
described the variance of the estimator in a forest inventory setting. Be-
cause estimator (2) is the mean of the predictions, the variance is the
two-dimensional mean of the covariances of the predictions

dVarp bYm

� �
¼ X

T
m
∑̂Xm ¼ 1

N2
m

XNm

i¼1

XNm

j¼1

dCov μ̂ i; μ̂ j

� �
ð3Þ
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