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a b s t r a c t

The aim of this work was the development of an explicit model to estimate the limiting current den-
sity in the electrodialysis of dilute multi-ionic solutions. The model assumes that the ionic transport
occurs in a film layer adjacent to an ion exchange membrane and it is quantified by a linearized form
of the Nernst–Planck (NP) equations together with the electroneutrality requirement at the solution/ion
exchange membrane interface. An explicit expression for the limiting current density of a dilute multi-
ionic solution was derived, involving a mass-transfer coefficient based on an effective diffusivity of the
multi-ionic solution. The model further assumes that the steric exclusion of the ions by the membrane is
negligible, and thereby the limiting current density is attained when the concentration of each and every
ion is null at the solution/membrane interface.

The model predictions for the limiting current density were compared with experimental data of sin-
gle salt solutions (MgCl2) and multi-ionic solutions (MgSO4 + MgCl2) in a bench-scale electrodialysis unit
(EUR2C-7P18, Eurodia, France) for various Reynolds numbers and salts concentrations. The average rel-
ative deviations between the model predictions and the experimental data were lower than 13% for
MgCl2 solutions (10, 20 equiv./m3) and solutions of MgSO4 + MgCl2 (5 + 5, 10 + 10 equiv./m3). The dimen-
sionless limiting current density and the counterions transport numbers predicted by the linearized and
non-linear Nernst–Planck equations were also compared for a broad range of dimensionless operating
parameters and a fair to good agreement was observed between the two approaches.

© 2010 Elsevier B.V. All rights reserved.

1. Introduction

The flow pattern inside the channels of an ED stack exhibits
a three-dimensional structure and a periodic nature due to the
mesh-type spacers that are commonly used to keep the membranes
apart and to enhance the mass-transfer, as well. In such a case,
the concentration boundary layers adjacent to the ion exchange
membranes, which develop under applied electrical current, are
confined to a narrow region in the membranes vicinity. The thick-
ness of these concentration boundary layers do not increase along
the channel due to the periodic mixing promoted by the spac-
ers filaments. Thus, in the design of ED equipment it is common
practise to apply the film theory to estimate the concentration
polarization and the limiting current density, assuming that the
steady one-dimensional ionic transport occurs in stagnant film lay-
ers adjacent to the ion exchange membranes. For the transport of
single salt solutions through the diluate/ion exchange membranes
interfaces in the Ohmic regime (linear variation of the electrical
current density versus potential difference), the integration of the
Nernst–Planck (NP) equations within a stagnant film layer adja-
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cent to an ion exchange membrane has been widely used to predict
the limiting current density (e.g., [1–3]). The film thickness is esti-
mated from the salt mass-transfer coefficient, kc, which in turn is
usually determined based on the salt diffusivity, DS, and a suitable
mass-transfer correlation. For an unstirred cell comprising two-
compartments split by a cation exchange membrane, an expression
for the limiting current density of single salt solutions of valence-
symmetric and valence-asymmetric salts was deduced from the
Nernst–Planck equations. The match between the predictions and
the experimental data of monovalent (Na+, K+, Li+), divalent (Ca2+,
Mg2+) and trivalent (Al3+) cations was excellent, except for H+

[4].
The prediction of the limiting current density may also be

accomplished based on the first principles by solving the continuity,
momentum, and NP equations in a small computation domain of
the feed channel inside which the velocity and concentration distri-
butions are cyclic. For instance, computational fluid dynamics was
applied to predict the concentration distributions of a single salt
solution in laminar flow within a diluate channel with transverse
rectangular spacers [5]. Although this method is extremely accu-
rate, it is cumbersome and very time-consuming for the expedite
prediction of the limiting current density in ED stacks containing
multi-ionic solutions, complex spacers geometries and membranes
of non-negligible roughness.
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The prediction of the ionic transport across ion-selective mem-
branes has also relied on the integration of the NP equations within
stagnant film layers adjacent to ion exchange membranes [6–8].
For the ED of multi-ionic solutions, Nikonenko et al. [6] assumed
an arbitrary film layer thickness instead of estimating it because no
effective diffusivity was ever deduced for a multi-ionic solution.
Moreover, since the ionic transport numbers in the membranes
are unknown a priori, these authors calculated them by an intri-
cate mass-transport model inside the membranes. Fíla and Bouzek
[7,8] have also computed the ionic fluxes across ion-selective
membranes by a similar model, assuming that the concentra-
tion polarization is controlled by a diffusion layer adjacent to the
membrane. These authors estimated the film thickness based on
a mass-transfer correlation for laminar flow in an open narrow
rectangular channel. This mass-transfer correlation requires an
effective diffusivity, but the authors did not specify how it was
calculated. In sum, an expedite method is not available yet to esti-
mate the limiting current density and the ionic fluxes in the ED of
multi-ionic solutions.

In the present work, an explicit though approximate model is
proposed to predict the limiting current density in the ED of dilute
multi-ionic solutions. Our method relies on a pioneering deriva-
tion of the effective diffusivity of a multi-ionic solution and on the
linearization of the NP equations within stagnant film layers adja-
cent to ion exchange membranes in the presence of an electric field.
Under limiting current conditions, both the limiting current density
and the counterions transport numbers in the membrane are expe-
ditely predicted by our method (the coions transport numbers are
assumed to be null), without resorting to complex models to assess
the counterions transport numbers in the membrane.

The limiting current density and the counterions transport num-
bers predicted by the linearized and non-linear NP equations were
compared for a broad range of operating parameters. Furthermore,
the model predictions of the limiting current density were com-
pared with experimental data of dilute solutions of MgCl2 and
MgSO4 + MgCl2 in a bench-scale ED unit. The mass-transfer corre-
lation for this ED stack was determined from experimental limiting
current densities of NaCl solutions at various Reynolds numbers.

2. Model

Let’s consider that the diluate solution contains n ions, Cj,b being
the bulk concentration of the ion j (mol/m3), and zj its ionic charge
(or charge number). The first nc ions refer to the cations and the
remaining na ions to the anions. It is assumed that the ionic trans-
port occurs in a film layer of thickness ıeff that may be estimated
by the film theory:

ıeff = Deff
kc,eff

(1)

where Deff is the effective diffusivity of the multi-ionic solution and
kc,eff is the mass-transfer coefficient determined by an adequate
mass-transfer correlation using Deff. The application of the film the-
ory is reasonable provided that the electric current density is below
the limiting current density and thereby no electro-convection
occurs within the stagnant film layer [9,10]. The method to deter-
mine the effective diffusivity is described in Appendix A, where
an analogy was made with the classical determination of a sin-
gle salt diffusivity based on the cation and anion diffusivities. As
more than two ions were considered, we assumed that the ratio
between the concentrations of distinct ions within the film layer
is invariant. Under limiting current conditions, for which all ionic
concentrations are null in the solution/membrane interface, this
condition is plausible if the ionic concentrations distributions are
approximately linear.

Within the diluate film layer adjacent to an ion exchange mem-
brane, the total flux of the ion j, Nj (mol m−2 s−1) is given by the
Nernst–Planck equation:

Nj = −Dj
dCj
dx

− zjCjDj
F

RT

d 

dx
(2)

where x is the distance from the film layer edge (in contact with
the bulk diluate) towards the membrane, Dj is the diffusivity of the
ion j, F is the Faraday constant, R is the molar gas constant, T is the
absolute temperature and is the electrical potential. Eq. (2) does
not take into account the friction between distinct ions, thus it just
holds for dilute multi-ionic solutions, i.e., only the solute–solvent
interactions are considered by the individual ionic diffusivities.

In electrodialysis, it is common practise to assume that the
counterion concentration inside an ion exchange membrane is
nearly constant, thereby the ionic diffusion within the membrane
is negligible and the ionic transport therein occurs only by electro-
migration. Thus, the total molar flux of the ion j in the membrane,
Nm
j

, may be related to the electrical current density, i, as:

Nmj =
tm
j
i

zjF
(3)

where tm
j

is the transport number of the ion j in the membrane. In
the steady-state, Nm

j
and Nj (Eq. (2)) are equal, i.e.:

tm
j
i

zjF
= −Dj

dCj
dx

− zjCjDj
F

RT

d 

dx
(4)

For electrical current densities below the limiting current den-
sity, ilim, the electroneutrality requirement holds within the film
layer:

n∑
j=1

zjCj = 0 (5)

The integration of the system of explicit differential equations
(Eq. (4) for each ion and Eq. (5)) enables the computation of the
ionic concentrations and electrical potential distributions within
the film layer. For a given set of tm

j
, the current density at which

the concentration of the ion j vanishes in the diluate/membrane
interface may be determined iteratively by the manipulation of the
electrical current density, i.

For negligible steric exclusion, it is expectable that as long as
there are counterions at the diluate/membrane interface to trans-
port the electrical current, the latter may be further increased and
the limiting current density will be attained when the concentra-
tion of each and every counterion is null at the interface (likewise
for the coions due to the electroneutrality condition). As the lim-
iting current density is approached, the ionic transport numbers
inside the membrane evolve such that the limiting current density
is only attained when the concentrations of each and every coun-
terion and coion vanish simultaneously at the diluate/membrane
interface.

An analysis of the degrees of freedom reveals that all ionic con-
centrations are null at the diluate/membrane interface for unique
values of the electrical current density and counterions transport
numbers in the membrane. Seeking for this set of limiting trans-
port numbers is quite complex because the differential equations
resolution requires an iterative method by which both the electri-
cal current density and the counterions transport numbers must be
manipulated until the limiting current density is attained. Thus, the
computation of the limiting current density by the Nernst–Planck
equations is time-consuming and its complexity increases with the
number of distinct ions in the multi-ionic solution. Fortunately, by
assuming negligible steric exclusion no mass-transport model in
the membrane is required to estimate the counterions transport
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