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Rooted phylogenetic networks are used to model non-treelike evolutionary histories. Such networks are
often constructed by combining trees, clusters, triplets or characters into a single network that in some
well-defined sense simultaneously represents them all. We review these four models and investigate how
they are related. Motivated by the parsimony principle, one often aims to construct a network that
contains as few reticulations (non-treelike evolutionary events) as possible. In general, the model chosen
influences the minimum number of reticulation events required. However, when one obtains the input
data from two binary (i.e. fully resolved) trees, we show that the minimum number of reticulations is
independent of the model. The number of reticulations necessary to represent the trees, triplets, clusters
(in the softwired sense) and characters (with unrestricted multiple crossover recombination) are all
equal. Furthermore, we show that these results also hold when not the number of reticulations but the
level of the constructed network is minimised. We use these unification results to settle several
computational complexity questions that have been open in the field for some time. We also give explicit
examples to show that already for data obtained from three binary trees the models begin to diverge.
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1. Introduction

One of the main challenges in phylogenetics is to reconstruct
evolutionary histories from biological data of currently living
organisms. The traditional and most widely used model for
representing evolutionary histories is the phylogenetic tree. How-
ever, recent years have seen more and more interest in the
generalisation of phylogenetic trees to phylogenetic networks,
which can model non-treelike evolution. These phylogenetic
networks contain special nodes, called reticulations, in which
previously diverged lineages recombine. These nodes represent
“reticulate” evolutionary phenomena such as hybridisation,
recombination or lateral (horizontal) gene transfer. For a full
overview of theory and methods concerning phylogenetic
networks, see Huson et al. (to appear), Nakhleh (2009), and
Semple (2007).

Motivated by the parsimony principle, a phylogenetic network
with fewer reticulations is often preferred over a network with
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more reticulations, when both networks represent the available
data equally well. Alternatively, one can aim to minimise the
“level” of the constructed network, i.e. the number of reticulations
per tangled part of the network, see Fig. 1. Thus, it is interesting to
compute the minimum number of reticulations, or alternatively
the minimum level, necessary to represent certain data by a
phylogenetic network.

How these minima depend on the chosen model is still very
poorly understood. Many algorithms and software packages (see
Huson et al., to appear; Nakhleh, 2009; Semple, 2007 and the
overview we give in Section 2) are available for many different
models, but how these models are related, and whether they are
essentially different, often remains undiscussed. This article illu-
minates the relation between several such models. The special case
of an input consisting of two phylogenetic trees has been discussed
repeatedly in different contexts (Bordewich et al., 2007; Bordewich
and Semple, 20074, b; Collins et al., to appear; Huson et al., 2009;
van lersel et al.,2010; Wu and Jiayin, 2010). We take a closer look at
this special case and show that it is indeed very special: three
fundamentally different models turn out to be, in this special case,
equivalent.

We focus on four models for the construction of phylogenetic
networks. Probably the most natural one is the “tree-model” which
aims at combining several phylogenetic trees into a single phylo-
genetic network that precisely displays each of the trees; e.g., see
Baroni et al. (2005). This is especially interesting when certain parts
of the genome (e.g. genes) are known to have evolved in a tree-like
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Fig. 1. A phylogenetic network with four reticulations (grey, unfilled vertices). This
is a level-3 network, because the tangled parts (encircled) contain at most three
reticulations each.

fashion. One can then generate a phylogenetic tree for each tree-
like part of the genome separately, and combine them into a
phylogenetic network that represents each of the trees.

Another model is to extract a set of triplets (phylogenetic trees
with three taxa each) and to combine them into a phylogenetic
network that represents each of the triplets; e.g., see van lersel et al.
(2008). Triplets can be constructed in two ways. Firstly, one can use
any of the methods for constructing phylogenetic trees for some or
all combinations of three taxa (using a fourth taxon as an outgroup
in order to root the triplet). Alternatively, one can first construct
one or more phylogenetic trees (on all taxa) and subsequently find
the set of triplets that are contained in these trees. The main
motivation for the latter approach is that representing all triplets
might require fewer reticulations than representing the entire
trees. In Section 3.3, we indeed give an explicit example of three
trees for which the triplets in the trees can be represented with
fewer reticulations than necessary to represent the trees them-
selves. On the other hand, this section also shows that, for two fully
resolved trees, the number of reticulations needed to represent the
trees or the triplets in the trees are always the same. Moreover,
these results also hold when the level rather than the total number
of reticulations is minimised.

A third model extracts a set of clusters and combines those into a
phylogenetic network; e.g., see Huson et al. (2009). Clusters can be
obtained from morphological data or from phylogenetic trees.
The latter approach has a similar motivation as in the triplet-model.
The clusters from the trees might be representable using fewer
reticulations than that would be necessary to represent the trees
themselves. In addition, the clusters described by a phylogenetic
tree are biologically the most interesting features of the tree,
because they describe putative monophyletic groups of species
(also called clades). In Section 3.2, we show that clusters are in
some sense ‘between’ triplets and trees. The number of reticula-
tions required by the triplets is always less than or equal to the
number of reticulations required by the clusters, and this latter
number is in turn less than or equal to the number of reticulations
required to represent the trees themselves. In Section 3.3, we give
examples of sets of three trees for which these inequalities are
strict. However, in this section we also show that, for two fully
resolved trees, the number of reticulations needed to represent the
clusters is always equal to the number of reticulations needed to
represent the triplets or trees. We again show that all these results
also hold when the level rather than the total number of reticula-
tions is minimised.

The last model we consider in this article constructs phyloge-
netic networks from binary characters. This kind of data consists
of a matrix of 0’s and 1’s and can for example be constructed from
DNA, morphological data or phylogenetic trees. Binary characters
have been well studied in the field of population genetics

(Song et al., 2005). In Section 3.1, we clarify the relation between
this model and the cluster model mentioned above, to put our main
results in the correct context.

The structure of the remainder of this article is as follows. The
next section describes the mathematical models in detail, gives an
overview of known results for each model, and summarises our
results. In Section 3 we prove our unification results and in Section
4 we use these results to prove several computational complexity
results. We end the article in Section 5 with some concluding
remarks.

2. Mathematical models and summary of results
2.1. Phylogenetic networks

Consider a set of taxa X. A rooted phylogenetic network on X is a
directed acyclic graph with exactly one vertex with indegree-zero
(the root) in which the outdegree-zero nodes (the leaves) are
bijectively labelled by X. It is common to identify a leaf with the
taxon it is labelled by and it is usually assumed that there are no
nodes with indegree and outdegree one; we adopt both conven-
tions. Nodes with indegree at least two are called reticulations. The
edges entering a reticulation are called reticulation edges. Nodes
that are not reticulations are called tree nodes. A phylogenetic
network is called binary (or fully resolved) if all reticulations
have indegree two and outdegree one and all other nodes have
outdegree zero or two. In this article we only consider rooted
(as opposed to unrooted) phylogenetic networks and for this reason
we henceforth omit the prefix “rooted”.

As mentioned before, we are interested in minimising either the
number of reticulation events or the level of the constructed
network. The following subtlety has to be taken into account when
reticulations with indegree higher than two are considered. When
counting such reticulations, indegree-d reticulations are counted
d—1 times, because such reticulations represent d—1 reticulate
evolutionary events (of which the order is not specified). Hence,
using 0~ (v) to denote the indegree of a node v, we formally define
the number of reticulations in a phylogenetic network N=(V,E) as

Y. GTW-DH=E-V+1.

veV:id (v)>0

Thus, we define the following fundamental problem MINRET.
Given some data describing some taxa, find a phylogenetic network
that “represents” the given data and contains a minimum number
of reticulations over all phylogenetic networks that represent the
given data. We consider three specific variants of this problem:
MINRETTREES, MINRETTRIPLETS and MINRETCLUSTERs, for data consisting of
trees, triplets and clusters respectively.

Let us now formally define the level of a phylogenetic network.
A biconnected component is a maximal subgraph that cannot be
disconnected by removing a single node. A biconnected component
is trivial if it is equal to a single edge and nontrivial otherwise. For
ke N, a phylogenetic network is called a level-k network if each
nontrivial biconnected component contains at most k reticulations.
See Fig. 1 for an example of a phylogenetic network with four
reticulations. The grey, unfilled vertices are reticulations and
the grey edges are reticulation-edges. This is a level-3 network,
because the nontrivial biconnected components (encircled by
dashed lines) contain at most three reticulations each.

We are now ready to define the following MiNLev variant of the
fundamental problem. Given some data describing some taxa, find
a level-k phylogenetic network that “represents” the given data
such that k is as small as possible. There are again three versions:
MINLevTRrEES, MINLEVTRIPLETS and MINLEVCLusTERs, for data consisting of
trees, triplets and clusters respectively.
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