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a b s t r a c t

Susceptible Exposed Infectious and Recovered epidemic model endowed with a treatment function (SEIR-T

model) is a well-known model used to reproduce the behavior of an epidemic, where the susceptible popula-

tion and the exposed population need to be estimated to predict and control the propagation of a contagious

disease. This paper focuses on the nonlinear observer design for a class of nonlinear piecewise systems in-

cluding SEIR-T models. For this purpose, two changes of coordinates are provided to transform the considered

systems into an extended nonlinear observer normal form, on which a high gain observer can be applied.

Then, the proposed method is applied to a SEIR-T model. Finally, simulation results are given to show its

efficiency.

© 2015 Elsevier Inc. All rights reserved.

1. Introduction

The spread of a contagious disease is a complex phenomenon,

since it involves thousands of individuals and uncountable contam-

ination factors, such as wind and merchandizes. A verbal descrip-

tion can be used to show its global aspect. However, a mathemat-

ical model is indispensable in order to give rigorous analysis [7].

Many suitable models have been developed to reproduce the be-

havior of an epidemic, such as Susceptible Infectious and Recovered

(SIR) model and Susceptible Exposed Infectious and Recovered (SEIR)

model [23,25]. The SEIR epidemic model subdivides the population

into several groups: susceptible population, exposed population, in-

fectious population and recovered population. This model has greatly

enhanced our ability to understand and study the phenomenon so

as to control the spread and optimize the disease fighting actions. In

1981, a model on the interaction between fox populations and rabies

was considered [2], where a quadratic control function has been in-

tegrated in the total population dynamics in order to stop the spread

of rabies. Afterwards, a treatment function proportional to the num-

ber of infectious population was proposed to study bifurcation of the

SIR model [19]. Then, using a similar way to [2], a quadratic treat-

ment function was proposed [9], which takes into account not only

the limits of the available resources but also the fact that they are

subject to decrease. Recently, the bi-stability and the bifurcation of
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the SEIR model endowed with a quadratic function treatment (SEIR-T

model) were studied [11].

When using a SEIR-T model, in order to predict and control the

propagation of a contagious disease and the virus mutation, the fu-

ture tendency of the disease needs to be reconstructed through a pop-

ulation and to analyze how the treatment function influences the be-

havior of an epidemic. For these purposes, the measurements of the

susceptible population, the exposed population, the infectious popu-

lation and the total population should be provided. Unlike the infec-

tious population and the total population, the susceptible population

and the exposed population are usually not measurable in a real sit-

uation. Consequently, their estimations are important. However, the

existing works were basically interested in the study of the behav-

iors of epidemic models, such as the classification of singularities,

the stability, the bifurcation, the existence of limit cycles, the chaotic

behavior, etc. (see, e.g., [8,9,11,12,16,19,20]). In [1], an observer-based

vaccination was designed for a SEIR epidemic model, where a control

law was synthesized via an exact feedback input-output linearization

approach. To the best of our knowledge, the problem of estimating

the susceptible population and the exposed population in a SEIR-T

model has not been studied, especially using the extended nonlinear

observer normal forms concept.

The observer design is useful to estimate the state of a dynamical

system. Hence, it is important in control theory. However, it is usu-

ally difficult to design an observer for a nonlinear system. In order

to solve this problem, [15] proposed to transform a nonlinear system

into a simple observer normal form, on which an existing observer

technique can be applied. Inspired by this idea, an output observer

normal form was developed in [18,21,24]. Recently, an extended
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nonlinear observer normal form was introduced in [14] and then de-

veloped in [3–5,17,22]. Remark that all these proposed observer nor-

mal forms can be considered as a powerful tool to design robust ob-

servers for nonlinear dynamical systems, where the states are glob-

ally estimated.

Bearing these ideas in mind, the aim of this paper is to propose an

observer design to transform a SEIR-T model into an extended non-

linear observer normal form, on which a high gain observer can be

applied to estimate the susceptible population and the exposed pop-

ulation using the infectious population and the total population. This

paper is organized as follows: Section 2 provides the background of

the proposed observer design by recalling the extended nonlinear ob-

server normal form and a class of high gain observers. Section 3 in-

troduces the considered nonlinear piecewise system, which can be

transformed into an extended nonlinear observer normal form by ap-

plying two changes of coordinates. Section 4 concerns the application

of the proposed method to a SEIR-T epidemic model. Then, simulation

results are given to show the efficiency . Finally, some conclusions and

perspectives in Section 5.

2. Background of observer design

Since nonlinear dynamical systems are usually characterized by

complex structures, it is difficult to design a controller or an observer

for them. In order to solve this problem, these dynamical systems

are transformed into an observer normal form by applying a change

of coordinates. Among the existing observer normal forms, the out-

put depending extended nonlinear observer normal form is generally

considered, which is given as follows:{
ż = A(y, w)z + β(y, w),
ẇ = γ (y, w),
y = Cz,

(1)

where z ∈ R
n and y ∈ R are respectively the real state and the real

output (the measurement) of a considered dynamical system, w ∈ R

is an extra output variable, β(y, w) = [β1(y, w), . . . , βn(y, w)]
T
, C =

[0, . . . , 0, 1] is an 1 × n matrix and

A(y, w) =

⎛
⎜⎜⎜⎜⎝

0 0 · · · 0 0
α2(y, w) 0 · · · 0 0

0 α3(y, w) · · · 0 0
...

...
. . .

...
...

0 0 ... αn(y, w) 0

⎞
⎟⎟⎟⎟⎠ (2)

is an n × n matrix.

In order to guaranty the observability of the extended nonlinear

observer normal form given by (1), it is assumed that the functions

αi( ·, ·) for i = 2, . . . , n, are nonvanishing. Then, according to [10], a

high gain observer can be applied to this extended nonlinear observer

normal form. Thus, it yields:{
˙̂z = A(y, w)ẑ + B(y, w) − �−1(y)R−1

ρ CT (Cẑ − ȳ),

0 = ρRρ + GT Rρ + RρG − CTC,
(3)

where �(y) = diag[
∏n

i=2 αi(y),
∏n

i=3 αi(y), . . . , αn(y), 1], and

G =

⎛
⎜⎜⎝

0 · · · 0 0
1 · · · 0 0
...

. . .
...

...
0 · · · 1 0

⎞
⎟⎟⎠.

The solution Rρ of the algebraic observer equations given in (3) is

explicitly given as follows:

Rρ (n + 1 − i, n + 1 − j) = (−1)i+ j

ρ i+ j−1

(
i + j − 2

j − 1

)
, (4)

for i = 1, . . . , n and j = 1, . . . , n, where
(

i+ j−2
j−1

)
are the binomial coef-

ficients.

It can be shown that the dynamics of the corresponding observa-

tion error is governed by the following equation:

ė = ˙̂z − ż =
(
A(y, w) − �−1(y)R−1

ρ CTC
)
e. (5)

Consequently, by taking an appropriate value of ρ , the exponential

stability of the observation error can be guaranteed by the bounded-

ness of the states and the outputs (y, w).

3. A class of extended observer systems

In this paper, the following three states and single output dynam-

ical system is considered:⎧⎪⎨
⎪⎩

χ̇1 = ϕ1,1(y)χ1 + ψ1,2(y)χ2 + ψ1,3(y) + T1,σ (y),
χ̇2 = ϕ2,1(y)χ1 + ψ2,2(y)χ2 + ψ2,3(y) + T2,σ (y),
χ̇3 = ψ3,1(y)χ2 + ψ3,3(y) + T3,σ (y),
y = χ3,

(6)

where χ i for i = 1, 2, 3, are the state variables, y is the output (the

measurement), σ is a switched rule, which determines the piecewise

behavior of this dynamical system. It is assumed that functions ϕi, j

and ψ i, j are smooth enough. Moreover, in order to ensure the observ-

ability, it is also assumed that ϕ1, 1(y) �= 0, ϕ2, 1(y) �= 0 and ψ3, 1(y) �=
0 in their domain. This means that the state variables can be written

as a function of the output and its derivatives [13].

The main objective of this paper is to estimate the state variables

χ i for i = 1, 2, 3, from the output (the measurement) using an ob-

server of kind (3). In order to achieve this, the remainder of this article

is devoted to address two changes of coordinates that transform the

dynamical system (6) into the extended nonlinear observer normal

form given by (1). Thus, an observer of kind (3) can be used in this

last form. These transformations attempt to eliminate the terms con-

taining χ1 and χ2 in the first dynamic equation of (6) and the term

containing χ2 in the second dynamic equation. For this purpose, we

propose to successively apply two different changes of coordinates in

the two following subsections.

3.1. First change of coordinates

In this subsection, we aim to annihilate the terms containing χ2

in the two first dynamic equations given in (6). For this purpose, we

have the following result.

Lemma 1. The following change of coordinates:

ξ1 = χ1 −
∫ y

0

ψ1,2(s)

ψ3,1(s)
ds, ξ2 = χ2 −

∫ y

0

ψ2,2(s)

ψ3,1(s)
ds,

and ξ3 =
∫ y

0

1

ψ3,1(s)
ds (7)

transforms the dynamical system (6) into the following preliminary

form:⎧⎨
⎩

ξ̇1 = ϕ1,1(y)ξ1 + ϕ1,3(y) + T̄1,σ (y),

ξ̇2 = ϕ2,1(y)ξ1 + ϕ2,3(y) + T̄2,σ (y),

ξ̇3 = ξ2 + ϕ3,3(y) + T̄3,σ (y),

(8)

where

ϕ1,3(y) = ϕ1,1(y)

∫ y

0

ψ1,2(s)

ψ3,1(s)
ds + ψ1,3(y) − ψ1,2(y)

ψ3,1(y)
ψ3,3(y),

T̄1,σ (y) = T1,σ (y) − ψ1,2(y)

ψ3,1(y)
T3,σ (y),

ϕ2,3(y) = ϕ2,1(y)

∫ y

0

ψ1,2(s)

ψ3,1(s)
ds + ψ2,3(y) − ψ2,2(y)

ψ3,1(y)
ψ3,3(y),

T̄2,σ (y) = T2,σ (y) − ψ2,2(y)

ψ3,1(y)
T3,σ (y),
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