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a b s t r a c t

We consider a system of delay differential equations to represent predator–prey eco-epidemic dynamics with

weak Allee effect in the growth of predator population. The basic aim of the paper is to observe the dynamics

of such system under the influence of gestation delay of predator and Allee parameter. We analyze essential

mathematical features of the proposed model such as uniform persistence, stability and Hopf-bifurcation at

the interior equilibrium point of the system. Global asymptotic stability analysis of the positive equilibrium

points by constructing a suitable Lyapunov function for the delayed model is carried out separately. We

perform several numerical simulations to illustrate the applicability of the proposed mathematical model

and our analytical findings. We observe that the system exhibits chaotic oscillation due to increase of the

delay parameter τ . We also observe that there is a threshold of Allee parameter above which the predator

population will be washed away from the system.

© 2015 Published by Elsevier Inc.

1. Introduction1

The model-based studies on eco-epidemiological systems are now2

vast after the works of Hadeler and Freedman [1]; and Chattopadhyay3

and Arino [2], who coined the term eco-epidemiology. On the other4

hand, the Allee effect named after W. C. Allee [3], has significant con-5

tribution in population dynamics. Allee effects mainly classified into6

two ways: strong and weak Allee effect [4,5]. There is a threshold7

population level for the strong Allee effect such that the species will8

become extinct below this threshold population density. However,9

when the growth rate decreases but remains positive at low popula-10

tion density, is called the weak Allee effect. Like Allee effect, disease is11

also a basic reason for the species extinction. The interplay between12

Allee effects and disease has influential biological relevance in nature13

[6] and demands in-depth research. In both ecology and epidemi-14

ology independently; Allee effect is an established concept having15

well defined biological objectives. The works on eco-epidemiological16

systems under the influence of Allee effects are few [7–12].17
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At the same time, one of the most important problems for eco- 18

epidemiological dynamics is to analyze the effect of time delays on 19

the stability of the systems. Time delay is very common phenom- 20

ena in population dynamics. There have been extensive research ac- 21

tivities on the dynamical behaviors, attractive, persistence, periodic 22

oscillation, bifurcation and chaos of population with retarded sys- 23

tems [13–31]. It is well known that most of the biological processes 24

involve time delays and need to be focused for practical purposes. 25

In ecology, the predator must take time delays to digest their food 26

before further activities [32–39]. Therefore, it will be more realistic 27

if one can consider time delays in predator–prey interaction. Some 28

detailed arguments about the importance of time delays in practical 29

models can be found in the classical books [35,36,40]. As far as our 30

knowledge, there are very few works on the time delayed population 31

dynamics in the presence of Allee effect [41–44]. To the best of our 32

knowledge, the present work is the first attempt on the study of an 33

eco-epidemiological system under the influence of weak Allee effects 34

and time delay. 35

Recently, Sasmal and Chattopadhyay [9] studied a model of preda- 36

tor–prey interaction with infection in prey population and the weak 37

Allee effects on predator population. In this paper, we have consid- 38

ered their model with the more realistic assumption that the predator 39

must take time delays to digest their food before having further ac- 40

tivities take place. In addition to the above assumption, we have con- 41

sidered that the predator population captures only infected prey who 42
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contributes positive growth to the predator population. This assump-43

tion is supported by the experimental data of Lafferty and Morris [45],44

where they established that the predation rate on infected population45

is 31 times higher than the susceptible one.46

The rest of the paper is organized as follows: in Section 2 we dis-47

cuss the development of our model; Section 3 deals with the math-48

ematical analysis of the non-delay model. Mathematical analysis of49

the delayed model with switching stability behavior is discussed in50

the Section 4. In Section 5 we discuss the boundedness, uniform per-51

sistence and permanence of the delayed model; global stability of the52

model around planner equilibrium (where susceptible prey coexists53

with infected prey) and positive interior equilibrium are discussed in54

Section 6. Numerical experiments with a set of hypothetical param-55

eters are performed to observe the dynamics of the system and are56

presented in Section 7. The paper ends with a discussion in Section 8.57

2. The model58

In this paper, we have modified the model studied by Sasmal and59

Chattopadhyay [9]. It is well known that after consumption of prey,60

the predator will take some time to digest their food for further ac-61

tivities. We made following two assumptions:62

1. We have considered that predator captures only infected prey.63

This assumption is supported by the experimental data of64

Lafferty and Morris [45]; they estimated that the predation rate65

on infected fish, on an average, is 31 times higher than the preda-66

tion rate on susceptible fish. This observation allows us to neglect67

the predation on susceptible prey by predator. Furthermore, we68

have assumed that the consumption of infected prey contributes69

positive growth to the predator population.70

2. We have considered that the reproduction of predator population71

after predating the prey will not be instantaneous, but mediated72

by some constant gestation time lag τ > 0 of predator. The food73

chain interaction is constructed by food and feeding relationships74

between the organisms, thus in this interaction, after predation,75

some amounts of energy in the form of prey biomass converted76

into predator biomass. But this process is not simple; the conver-77

sion of prey energy to predator energy is not instantaneous, and78

several processes are involved in this mechanism. The process in-79

cludes prey biomass enters into predator’s digestive system and80

this digestion process is complicated and time consuming. After81

digestion, the next process is absorption, and the energy enters82

into the body. After entering into the predator’s body, the ab-83

sorbed prey food finally transformed into the predators’ energy in84

the form of biomass. The whole transformation process requires85

time; detailed arguments for time lag due to gestation can be86

found in the classical books by Gopalsamy [35] and Kuang [36].87

Thus, a predator–prey model with susceptible prey, infected prey88

and predator along with the weak Allee effects and time delay due to89

gestation time by predator, is given by the following set of nonlinear90

differential equations:91

dS

dt
= S [1 − S − I − βI] ,

dI

dt
= I [βS − aP − μ] ,

dP

dt
= γ aP(t − τ)I(t − τ)

P

θ + P
− dP,

= P

[
P(t − τ)I(t − τ)

α

θ + P
− d

]
.

(2.1)

It is to be noted here that the infected population does not con-92

tribute to the reproduction but compete for resources with suscepti-93

ble one. We have considered disease transmitted through mass action94

law and predator follows Holling type I functional response [46]. The95

Table 1

Variables and parameters used in the Model (2.1).

Variables/parameters Biological meaning

S Density of susceptible prey

I Density of infected prey

P Density of predator

θ Individuals searching efficiency

β Rate of infection

a Attack rate of predator

μ Death rate of infected prey

γ Conversion efficiency on infected prey

α = aγ The total effect to predator by consuming infected prey

d Natural death rate of predator

τ Gestation time period of predator

term P
θ+P

is the Allee effect function (known as the weak Allee func- 96

tion), which is the probability of finding a mate and θ is the individuals 97

searching efficiency [47–49]. The bigger θ is, the stronger the Allee 98

effect, and slower the per capita growth rate of the predator, espe- 99

cially when predator population is small. Here we have assumed that 100

α
(
α = aγ

)
is the total effect to predator by consuming infected prey, 101

where a is the attack rate and γ is the conversion efficiency from in- 102

fected prey to predator. All the variables and parameters are positive. 103

The variables and parameters used in Model (2.1) are presented in 104

the Table 1. 105

The initial conditions for the system (2.1) take the form 106

S(φ) = ψ1(φ), I(φ) = ψ2(φ), P(φ) = ψ3(φ), −τ ≤ φ ≤ 0,

where ψ = (ψ1,ψ2,ψ3)
T ∈ C+ such that ψi(φ) ≥ 0 (i = 1, 2, 3), ∀ 107

φ ∈ [−τ , 0], and C+ denotes the Banach space C+([−τ , 0], R
3+)of con- 108

tinuous functions, mapping the interval [−τ , 0] into R
3+ and denotes 109

the norm of an element ψ in C+ by 110

‖ψ‖ = sup
−τ≤φ≤0

{| ψ1(φ) |, | ψ2(φ) |, | ψ3(φ) |}.
For biological feasibility we further assume that, ψi(0) > 0, for i = 111

1, 2, 3. 112

3. Mathematical analysis of the system (2.1) with no time delay 113

We first study the system (2.1) with no time lag. The system (2.1) 114

without delay for gestation of predator can be written as 115

dS

dt
= S [1 − S − I − βI] ,

dI

dt
= I [βS − aP − μ] ,

dP

dt
= P

[
αI

P

θ + P
− d

]
.

(3.1)

It is easy to check that the system (3.1) has the following boundary 116

equilibria: 117

E0 = (0, 0, 0), E1 = (1, 0, 0), E2 =

⎛⎜⎜⎝μ

β
,

1 − μ

β

1 + β
, 0

⎞⎟⎟⎠ .

The system (3.1) has interior attractor E∗ = (S∗, I∗, P∗), where I∗ = 118

d(aθ+βS∗−μ)
α(βS∗−μ)

= 1−S∗
1+β

, P∗ = 1
a (βS∗ − μ) and S∗ is the roots of the 119

quadratic equation 120

[αβ]
(
S∗)2 + [dβ(1 + β)− αμ − αβ]S∗ + [αμ + d(1 + β)aθ

− dμ(1 + β)] = 0.

The interior equilibria exists if S∗ is a positive root of the above 121

equation and satisfies S∗ >
μ
β

. 122

Proposition 3.1 (Local stability of equilibria for the Model (3.1)). The 123

local stability of equilibria of the Model (3.1) is summarized in Table 2. 124
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