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a b s t r a c t

In a randomly-mating biparental population of sizeN there are, with high probability, individualswho are
genealogical ancestors of every extant individual within approximately log2(N) generations into the past.
We use this result of J. Chang to prove a curious corollary under standard models of recombination: there
exist, with high probability, individuals within a constant multiple of log2(N) generations into the past
who are simultaneously (i) genealogical ancestors of each of the individuals at the present, and (ii) genetic
ancestors to none of the individuals at the present. Such ancestral individuals – ancestors of everyone
today that left no genetic trace – represent ‘ghost’ ancestors in a strong sense. In this short note, we
use simple analytical argument and simulations to estimate how many such individuals exist in finite
Wright–Fisher populations.

© 2015 Elsevier Inc. All rights reserved.

1. Introduction

The reproductive success of an individual is traditionally mea-
sured by the number of offspring it produces. However, even given
a fixed number of descendants, there is a fair amount of variation
in the amount of genetic material left by an individual. An ancestor
that contributes genetic material to an individual through multi-
ple lineages is expected to leave more genetic material than an an-
cestor that contributes along a single lineage, for example (Baird
et al., 2003; Barton and Etheridge, 2011; Lachance, 2009; Man-
rubia et al., 2003; Matsen and Evans, 2008). Even if we fix the ge-
nealogy, there remains considerable stochasticity in the amount of
genetic material left by each ancestor during meiosis. The proba-
bility of inheriting genetic material along a given ancestral lineage
decreases rapidly with the number of generations. Thus, an indi-
vidual leaving a single descendant after more than 10 generations
is likely to leave no genealogical material in future generations,
even if this descendant iswildly prolific. This limits the information
about past genealogies that can be recovered from present-day ge-
nomic data (Thatte, 2013; Thatte and Steel, 2008). Not only are we
limited to individuals that left descendants, but even the genomes
of individuals that left offspring may be completely inaccessible.
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A result of Chang (Chang, 1999; Donnelly et al., 1999) states
that first-generation (or founding) individuals of a constant-sized,
randomly mating Wright–Fisher diploid population rapidly reach
one of two ancestral states: about 80% become ancestral to the
complete subsequent population, and 20% leave no descendants.
We are interested in the 80% of ‘successful’ individuals, and won-
der about the proportion of such individuals that leave no genetic
material to any of their large number of descendants. The ques-
tion of whether genealogical ancestors leave genetic material in an
infinite population was discussed in detail in Baird et al. (2003),
where a branching approximation to the infinite-population
Wright–Fisher model was used to show a logarithmic decrease of
survival probability with time. Here we consider the finite popu-
lation case and obtain analytical and numerical results under the
exact Wright–Fisher model. Because the approximations of Baird
et al. (2003) are reasonable,we expect that our results should agree
in the large-N and long-time limits, but our results will provide ad-
ditional insight for small population and short times.

We first formally show that, amongst those individuals who are
genealogically ancestral to the complete population, the propor-
tion that leaves no genetic material at the present is nonzero in a
finite population, and indeed approaches 1 when the number of
generations and population size become large. We turn to simu-
lation to estimate their abundance for finite genomes and finite
number of generations. We find that the proportion of ghost an-
cestors grows approximately logarithmically with the number of
generations in a constant-size population and that convergence to
the large-population limits occurs rapidly at short time-scales.
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Fig. 1. In this schematic example, the rightmost individual in generation 1
has genealogical descendants until generation 6, but left no genetic material in
generations 5 and 6. By generation 5 it has become a ghost; by generation 6 it is
a ‘super-ghost’, in that it is now ancestral to the entire population.

Our work complements recent efforts to study the relationship
between genealogical and genetic ancestries.Wakeley et al. (2012)
recently proposed an improved approach tomodel the recent pedi-
gree structure of samples within coalescent theory, but found that
this improved modeling had a relatively modest effect on the sim-
ulated statistics. Wiuf and Hein (1997) used mathematical model-
ing and simulations to study the distribution of ancestral material
of an extant chromosome, with the aim of addressing two ques-
tions: (i) how many ancestors are there to a present human chro-
mosome? and (ii) how many different sequences in an ancestral
population can one sample by sequencing extant sequences?More
recently, Matsen and Evans (2008) used simulations and proba-
bilistic analysis to investigate relationships between the number
of descendant alleles of an ancestor allele and the number of ge-
nealogical descendants of the individual who possessed that al-
lele. Here we explore the impact of demography on the short- and
long-term probability that an individual with many genealogical
descendants leaves no genetic material. We provide a short formal
proof for the existence of such individuals, in a probabilistic sense,
and study their prevalence under different demographic scenarios
with Wright–Fisher reproduction.

2. Ghost and super-ghost ancestors

Given a population at the present, an ancestral individual I is
said to be a ghost ancestor if:

(i) I is the genealogical ancestor of at least one individual at the
present, and

(ii) I contributes nothing genetically to any individual at the
present.

A super-ghost replaces condition (i) with the stronger condition:

(i)′ I is the genealogical ancestor of all individuals at the present.

A schematic example of a super-ghost is shown in Fig. 1.

2.1. The existence of super-ancestors: Chang’s result

Consider the genealogical ancestry of a randomly-mating bi-
parental population under the neutralWright–Fishermodel. In this
model, generations are discrete, and each individual selects two
parents uniformly at random from the previous generation, and
this process is extended back in time independently from genera-
tion to generation. This generates a random genealogy for the pop-
ulation.

Because each individual has on average two offspring per gen-
eration, we would expect individuals to leave a large number of
offspring if their descending lineage survives the stochasticity of
the first few generations. In fact, the probability of eventually be-
coming ancestral to the complete population in a randomly mating
population of sizeN converges to 1−ρ ≈ 0.7968 for largeN , where
ρ satisfies ρ = e−2+2ρ (Chang, 1999) (see also Derrida et al., 1999,
2000a,b). Because the expected number of descendants of success-
ful individuals initially grows close to exponentially, we would
expect that it must take at least log2(N) generations to become
ancestral to the complete population. In fact, Chang (1999) estab-
lished the following two tight asymptotic results that are key to
this paper:

(a) the number of generations G1 required to find the first super-
ancestor approaches log2(N), in the sense that G1

log2(N)
con-

verges in probability to 1 as N grows; and
(b) the number of generations Ga until all individuals that left

descendants are super-ancestors approaches (1 + ζ ) log2(N),
where ζ ≈ 0.7698, in the sense that Ga

(1+ζ ) log2(N)
converges in

probability to 1 as N grows.

2.2. The existence of super-ghosts

We consider again the genealogical model from Chang (1999),
andmodel the transmission of geneticmaterial. Given a genealogy,
each individual receives one copy of each chromosome from each
parent. An individual transmits chromosomes by recombining the
two chromosome copies it has inherited.Wemodel recombination
as a Markovian copying process along the chromosome length:
starting from one edge, the transmitted chromosome is generated
by copying one of the two inherited chromosomal copies, with a
transition rate between the two of 1 per Morgan.

Proposition 2.1. Under the random biparental genealogical model
with discrete generations of size N, the probability that there is a
super-ghost ancestor within c · log2(N) generations from the present
converges to 1 as N grows, for any c > 1.

The formal proof of this proposition is provided in theAppendix,
and here we provide an informal argument for the existence of
super-ghosts and logarithmic dependence on N . The proof has two
steps: first, we show that ghosts exist, i.e., that there are individ-
uals that leave genealogical descendants but no genetic material.
Second, we show that the descendants are likely to become ances-
tral to the entire population, ensuring that the ancestral individ-
ual is now a super-ghost. To estimate the timing it is convenient
to proceed back in time. In a Wright–Fisher model, the probability
that an individual is the unique descendant to an individual liv-
ing G generations is nonzero. It can be easily calculated through
dynamic programming, and is trivially bounded below by P(1)G,
where P(1) is the probability of being an only child. In this particu-
lar case of a single descending lineage, we can also easily show that
the probability of leaving no genetic material becomes nonzero in
any reasonable model of recombination: the descendant haploid
genome received genetic contributions along 2G lineages (some of
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