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Abstract

The expression of average shell-side mass transfer coefficient (MTC) in hollow fiber modules is theoretically deduced in this paper. This
expression considers the effects of both the polydispersity of hollow fiber outer radii and the randomicity of hollow fiber distribution on the
shell-side mass transfer performance for the first time. In the expression, Gaussian function is used to model the polydisperse hollow fiber outer
radii, Voronoi tessellation method is used to model the random hollow fiber distribution, and the two distributions are assumed to be independent.
Then, the effect of polydisperse hollow fiber outer radii on average shell-side MTC is studied in detail.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction

Shell-side mass transfer of hollow fiber modules with shell
and tube configuration has been studied widely in recent years.
The shell-side mass transfer performance is affected by many
factors [1,2]. Two of the main factors are the randomicity of
hollow fiber distribution and the polydispersity of hollow fiber
outer radii.

Almost all previous works about the effect of hollow fiber dis-
tribution on shell-side mass transfer have based on the assump-
tion of identical hollow fiber outer radii. Under such assumption,
commonly there are two methods to deal with the distribution of
hollow fibers. One is that the hollow fiber bundle is modeled as
an infinite, spatially periodic medium, i.e. the hollow fibers are
assumed to be arranged in regular arrays (e.g. square or triangu-
lar) [2–6] or random in a unit cell [5,6]. The other is that Voronoi
tessellation method is used to model the random distribution of
hollow fibers [2,7–10].

In practice, neither inner radii nor outer radii of hollow fibers
are possible to be identical because of the imperfect manufactur-
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ing process. So, the polydisperse inner and outer radii absolutely
will affect lumen-side and shell-side mass transfer performance,
respectively. However, in the literature, only the effect of poly-
disperse inner radii was investigated in detail [10–13], the effect
of polydisperse outer radii seldom was focused on.

So, in this paper, the effect of polydisperse fiber radii (hol-
low fiber outer radii) on shell-side mass transfer is attempted to
investigate theoretically in randomly packed hollow fiber mod-
ules, i.e. both the randomicity of hollow fiber distribution and
the polydispersity of fiber radii are taken into account together.
A theoretical average shell-side MTC expression is deduced and
then the effect of polydisperse fiber radii is studied emphatically.

In the literature, a system of removing oxygen from water
often was chosen to study the shell-side mass transfer perfor-
mance because of its availability and simplicity [2,4,11,14,15].
Here, we make the same choice: water containing oxygen flows
outside of hollow fibers, and nitrogen flows inside of hollow
fibers counter-currently.

2. Theory

According to the literature [2,8–10], the following assump-
tions are used in this paper: (1) hollow fibers are rigid, and
aligned axially but randomly arranged, i.e. the flow distribution
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Fig. 1. Schematic representation of the module cross-section subdivision with
Voronoi tessellation method.

is consistent along the module length; (2) the effect of module
wall on shell-side hydraulics is ignored; (3) the fluid flow profile
is fully developed and laminar; (4) the effect of shell-side inlet
and outlet is ignored.

2.1. Distribution of hollow fibers

Voronoi tessellation is a mathematical method to describe the
subdivision of space between randomly packed objects by draw-
ing straight boundaries equidistant between neighboring objects,
forming polygonal cells. It provides a good way to calculate the
geometric characteristics of random spacing that can be used to
calculate overall properties [7,16]. In this paper, Voronoi tessel-
lation method is used to evaluate the shell-side flow distribution
in a randomly packed hollow fiber module.

Considering N hollow fibers are randomly placed in the mod-
ule. Using Voronoi tessellation method, the cross-section area is
then subdivided into polygonal cells, and each polygonal cell is
associated with one hollow fiber (Fig. 1).

The probability density distribution function of polygonal
cell area can be written as below according to the literatures
[2,7,11,17]:

f (ϕ) = ss

〈ϕ〉s
ϕs−1

(s − 1)!
e−(sϕ)/〈ϕ〉 (1)

ϕ = a − af (2)

where a is the polygonal cell cross-section area (including the
fiber), af the hollow fiber cross-section area, s the number of
nearest neighbor fibers, and the sign “〈〉” denotes statistical aver-
age in mathematics. At lower packing density, s = 4 appears to fit
the simulation better; at higher packing density, the calculated
distribution agrees with s = 6 better, but the effect of s on results
is not so evident [2,7]. So in this paper only s = 6 is considered
for the calculation of average shell-side MTC.

Assuming that the hollow fiber distribution is independent of
the hollow fiber outer radius distribution, the following equation
can be obtained:

〈ϕ〉 = a0 − 〈af〉 (3)

where a0 is the average polygonal cell cross-section area (includ-
ing the fiber).

For a certain module containing N hollow fibers, the average
polygonal cell cross-section area can be acquired easily:

a0 = πR2
M

N
(4)

where RM is the module inner radius. Then, the packing density
can be defined as

φ = 〈af〉
a0

= N〈r2〉
R2

M

(5)

2.2. Polydispersity of fiber radii

According to the literature [11,12,18], the distribution of fiber
radii g(r) is assumed to be a Gaussian function:

g(r) = e−(r−R0)2/(2R2
0ε

2
0)

√
2πR0ε0

(6)

where R0 is the average outer radius of hollow fibers, (R0ε0)2 the
variance of this distribution, and ε0 denotes the polydispersity
of fiber radii.

Obviously,

R0 = 〈r〉 =
∫ ∞

0
rg(r) dr (7)

Assuming the effective length of hollow fibers is identical
and equals to L, the average hollow fiber outer surface area 〈A〉
is given by

〈A〉 = 2πL

∫ ∞

0
rg(r) dr = 2π〈r〉L (8)

2.3. Flow outside of hollow fibers in polygonal cells

Using the assumptions that the entrance and exit losses are
small and that flow areas are parallel and of the same length
L [2,7,19,20], the shell-side pressure drop �P for laminar flow
through each of the separate flow area is the same as the whole
bundle and is calculated by

�P = 4ρv2L

dh
(9)

where ρ is the density of water, dh = 2ϕ/(πr) the hydraulic diam-
eter of each polygonal cell (4 × flow area/hollow fiber circum-
stance), and v is the mean flow velocity in each polygonal cell.
Rearrangement of Eq. (9) gives the following equation:

v =
√

�Pϕ

2πrρL
(10)

Then, the average shell-side flow rate 〈Q〉 is given by

〈Q〉 =
∫ ∞

0

∫ ∞

0
ϕvf (ϕ)g(r) dϕ dr (11)
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