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a b s t r a c t

This paper highlights the usefulness of the minimum information and parametric pair-copula construc-
tion (PCC) to model the joint distribution of flood event properties. Both of these models outperform
other standard multivariate copula in modeling multivariate flood data that exhibiting complex patterns
of dependence, particularly in the tails. In particular, the minimum information pair-copula model shows
greater flexibility and produces better approximation of the joint probability density and corresponding
measures have capability for effective hazard assessments. The study demonstrates that any multivariate
density can be approximated to any degree of desired precision using minimum information pair-copula
model and can be practically used for probabilistic flood hazard assessment.
� 2016 The Authors. Published by Elsevier B.V. This is an open access articleunder the CCBY license (http://

creativecommons.org/licenses/by/4.0/).

1. Introduction

Operational planning and design of flood defence systems, irri-
gation water management systems and hydroelectric schemes
requires accurate estimation of flood hazard and/or specified
exceedance probabilities of river flow. Flood frequency analysis
(FFA) is traditionally used to assess flood hazard with an assump-
tion that annual maximum floods are a stationary, independent,
identically distributed random process (Kidson and Richards,
2005). Conventionally, FFA is performed using either ‘Block
(annual) maxima’ or ‘peaks over threshold (POT)’ methods on par-
tial series of data (Hosking et al., 1985). Although, the univariate
FFA is widely used in hydrology, many studies have highlighted
its unreliability and suggested that univariate frequency analysis
methods cannot sufficiently characterize inflow hydrographs or
reduce uncertainty in flood analysis (Cunnane, 1988; Bobee and
Rasmussen, 1994). Indeed, most hydrologic events are multivariate
in nature and defined by a group of correlated random variables

(e.g. flood peak, volume, and duration). Therefore, multivariate
FFA would be more suitable to describe the uncertainties associ-
ated with these events.

By recognizing the limitations of univariate FFA, multivariate
flood frequency analysis methods were developed. Many early
multivariate studies focused on bivariate normal distribution to
perform flood analysis with later researchers considering multi-
variate Gaussian (Krstanovic and Singh, 1987), gamma (Yue et al.,
2001; Nadarajah and Gupta, 2006), exponential (Choulakian
et al., 1990), Gumbel (Bacchi et al., 1994) and other distributions.
Durrans et al. (2003) applied Pearson Type III distribution to per-
form joint frequency analysis. Yue and Wang (2004) developed
Gumbel mixed and Gumbel logistic models; and compared their
performances in flood analysis. However, distribution-based tradi-
tional univariate and multivariate analysis methods have mathe-
matical weaknesses that limit their potential for practical
applications. These flaws include that (a) the mathematical formu-
lation is complicated when the number of variables are high (b) it
is not possible to distinguish marginal and joint behavior of stud-
ied variables, (c) marginal distributions are of same type, or nor-
mal, or independent and (d) joint distributions hold validity in
limited space (Song and Singh, 2010).
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Recently, the application of copulas in hydrology, as well as in
other earth and environmental sciences, has received increasing
attention. Copulas are efficient mathematical tools which are cap-
able of combining several univariate marginal cumulative distribu-
tion functions into their joint cumulative distribution function
(Sklar, 1959). The copula application in hydrology largely began
after De Michele and Salvadori (2003) highlighted the suitability
of the Frank copula for the joint distribution of negatively associ-
ated storm intensity and storm duration data, whilst Grimaldi
and Serinaldi (2006a,b) applied several trivariate copulas for deter-
mining joint and conditional distributions among design hyeto-
graph variables. Recent works on analysis of multivariate
hydrological extreme events (Salvadori and De Michele, 2006,
2007, 2010) have popularized copulas as a tool for extreme value
applications in rainfall (Évin and Favre, 2008; Wang et al., 2010;
Zhang et al., 2012), floods (Zhang and Singh, 2007; Chowdhary
et al., 2011), and droughts (Shiau, 2006; Song and Singh, 2010;
Zhang et al., 2012; Ma et al., 2013). A brief review of the application
of copula in various engineering and science fields can found in
Genest and Favre (2007). They have also identified plausible Cop-
ula candidates for flood peak flow and volume data in FFA.
Dupuis (2007) used 5 copulas (Normal, Student-t, Frank, Clayton,
Gumbel, and associated Clayton) and warned about ignoring the
tail dependence characteristics of flood data. Their analysis showed
that the Frank copula performed relatively well in comparison to
other approaches. Karmakar and Simonovic (2009) identified that
the generalized hyperbolic copula is better at obtaining pair-wise
joint distributions among flood peak flow, volume and duration.
Leonard et al. (2008) used copula for bivariate analysis of rainfall
and stream flow extremes accounting for seasonal and climatic
partitions. Huard et al. (2006) and Silva and Lopes (2008) used
Bayesian based copula selection method for estimating marginal
and dependence parameters.

The set of higher dimensional copulas proposed in the literature
is limited and is not rich enough to model all possible mutual
dependencies among all variables (see Kurowicka and Cooke,
2006 for details). In addition, Aas et al. (2009) show that the mul-
tivariate copulas (in particular, multivariate t-copula) cannot effi-
ciently be used to model multivariate data exhibiting complex
patterns of dependence in the tails (which are common in analyz-
ing the extreme events). These limits of the multivariate copula
motivate Joe (1997) and Bedford and Cooke (2001, 2002), to pro-
pose a far efficient new way of constructing complex multivariate
highly dependent models called vine or pair-copula (Aas et al.,
2009). The principle behind this method is to model dependency
using simple local building blocks based on conditional indepen-
dence, known as the pair-copulae. The modeling scheme is then
based on a decomposition of a multivariate density into a cascade
of pair copulae, applied on the original variables and on their con-
ditional and unconditional distribution functions. There is a grow-
ing literature of using the pair-copula models in the different real
world applications including finance, economic and insurance
studies (Aas et al., 2009; Czado and Min, 2010; Min and Czado,
2010; Bauer et al., 2012; Dissmann et al., 2013; Brechmann et al.,
2014), risk management (Brechmann and Czado, 2013;
Brechmann et al., 2014), energy (Czado et al., 2011), hydrological
drought frequency analysis (Song and Singh, 2010). In addition to
the above references which give an idea of recent advancements
happening on pair-copula applications in the different fields.
Recently, Gyasi-Agyei and Melching (2012) have used PCC to
model the dependence structure of storm event properties using
hourly rainfall data from Cook County, Illinois, USA. Song and
Kang (2011) demonstrated pair-copula based trivariate discharge
modeling considering variables like flood duration, severity, and
severity peak. Vernieuwe et al. (2015) constructed a continuous
rainfall model based on vine copulas and they compared the vine

model with ensemble synthetic rainfall series. In a similar study,
Xiong et al. (2014) have developed an annual rainfall-runoff model
using the canonical vine copula derivation approach and employed
in 40 watersheds in two large basins in China.

The multivariate copula models have also been used in different
applications in the domain of spatial statistics. Bárdossy (2006)
was one of the first who applied copulas in a geostatistical context.
Gräler and Pebesma (2011) propose a more efficient approach for
modeling spatial data (including extremes) using the vine copula
model. One of the advantages of their approach was its flexibility
in choosing appropriate parametric copula families through bivari-
ate spatial copulas. Gräler (2014) extends this methodology further
by adding several spatial trees at the foundation of the selected
vine. These additional spatial trees add valuable information on
the dependence of the higher order neighbors leading to an
improved model of the spatial data. The predictive accuracy of
the spatial vine copula outperforms other spatial multivariate cop-
ulas, including spatial Gaussian copula which used to be a very
common method (as suggested by Bárdossy, 2006).

In a more relevant study, Gräler et al. (2013) use the vine copula
model to construct a joint probability distribution for the flood vari-
ables, including peak discharge, duration, and volume. However,
theirmain purpose ofmodeling the dependencies between the flood
variables using the vine copulamodel and othermultivariate copula
models was to estimate design events for a given return period and
todiscuss their differences in apractical application. Theyconcluded
that the vine copula approach is the way to go for constructing flex-
ible multivariate distribution functions for the same reasons men-
tioned above and discussed in further details in the next section.

It should be noticed that the use of a copula to model depen-
dency is simply a translation of one difficult problem into another.
By using (parametric) copula, the difficulty of specifying the full
joint distribution will be reduced to the difficulty of specifying
the copula. The advantage is the technical one that copulas are nor-
malized to have support on the unit square and uniformmarginals.
Asmany authors restrict the copulas to a particular parametric class
(Gaussian, multivariate t, etc.) the potential flexibility of the copula
approach is not realized in practice. Bedford et al. (2015) proposed a
so-called minimum informative pair-copula using the vine struc-
ture to approximate any given multivariate copula to any required
degree of approximation, and to show how this can be operational-
ized for use in practice. The only technical assumptions required are
that the multivariate copula density under study is continuous and
is non-zero. This approach, by contrast to the parametric methods
mentioned above, allows a lot of flexibility in copula specification.
This new approach involves the use of minimum information cop-
ulas that can be specified to any required degree of precision based
on the data available and are then stacked together to produce the
multivariate copula and density function.

Based on the above discussion, we extend the parametric vine
copula model (Gräler et al., 2013) in modeling flood characteriza-
tions with the minimum information pair-copula model. This
model shows greater flexibility and produces better approximation
of the joint probability density and corresponding measures have
better capability for effective hazard assessments. We also present
an approximation method at which any multivariate density can
be approximated to any degree of desired precision using mini-
mum information pair-copula model and practically be applied
for assessing probabilistic flood hazard. We finally illustrate the
methods described above by modeling the flood event properties
of the Himalayan River Beas. Himalayan rivers in north India are
highly influenced by both the monsoon and intra-annual release
of stored water in the snow cover and glacier ice of the Himalayas
and its nearby foothills. The response of Himalayan rivers to pre-
cipitation and temperature is highly variable as it depends on the
extent of snow cover and volume of snowpack in their catchment,
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