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This is a survey on recent results on counting of curves 
over finite fields. It reviews various results on the maximum 
number of points on a curve of genus g over a finite field of 
cardinality q, but the main emphasis is on results on the Euler 
characteristic of the cohomology of local systems on moduli 
spaces of curves of low genus and its implications for modular 
forms.

© 2014 Elsevier Inc. All rights reserved.

1. Introduction

Reduction modulo a prime became a standard method for studying equations in in-
tegers after Gauss published his Disquisitiones Arithmeticae in 1801. In §358 of the 
Disquisitiones Gauss counts the number of solutions of the cubic Fermat equation 
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x3 + y3 + z3 = 0 modulo a prime p and finds for a prime p �≡ 1 (mod 3) always p + 1
points on the projective curve, while for a prime p ≡ 1 (mod 3) the number of points 
equals p + 1 + a, if one writes 4p = a2 + 27b2 with a ≡ 1 (mod 3) and he notes that 
|a| ≤ 2√p. But although Galois introduced finite fields in 1830 and algebraic curves were 
one of the main notions in 19th century mathematics, one had to wait till the beginning 
of the 20th century before algebraic curves over finite fields became an important topic 
for mathematical investigation. Artin considered in his 1924 thesis (already submitted 
to Mathematische Zeitschrift in 1921) the function fields of hyperelliptic curves defined 
over a finite field and considered for such fields a zeta function Z(s) that is an analogue 
of the Riemann zeta function and of the Dedekind zeta function for number fields. He 
derived a functional equation for them and formulated an analogue of the Riemann hy-
pothesis that says that the zeros of the function of t obtained by substituting t = q−s in 
Z(s) have absolute value q−1/2. In 1931 Friedrich Karl Schmidt brought a more geomet-
ric approach by writing the zeta function for a smooth absolutely irreducible projective 
curve C over a finite field Fq as the generating function for the number of rational points 
c(n) = #C(Fqn) over extension fields as

Z(t) = exp
( ∞∑

n=1
c(n) t

n

n

)
,

which turns out to be a rational function of t of the form

Z(t) = P (t)
(1 − t)(1 − qt)

for some polynomial P ∈ Z[t] of degree 2g with g the genus of the curve. He observed 
that the functional equation Z(1/qt) = q1−gt2−2gZ(t) is a consequence of the theorem 
of Riemann–Roch. A couple of years later (1934) Hasse proved the Riemann hypothesis 
for elliptic curves over finite fields using correspondences. The proof appeared in 1936, 
see [29]. Deuring observed then that to extend this result to curves of higher genus one 
needed a theory of algebraic correspondences over fields of arbitrary characteristic. This 
was at the time that the need was felt to build algebraic geometry on a more solid base 
that would allow one to do algebraic geometry over arbitrary fields. Weil was one of those 
who actively pursued this goal. Besides doing foundational work, he also exploited the 
analogy between geometry in characteristic zero and positive characteristic by extending 
an inequality on correspondences of Castelnuovo and Severi to positive characteristic 
and deduced around 1940 the celebrated Hasse–Weil inequality

∣∣#C(Fq) − (q + 1)
∣∣ ≤ 2g√q

for the number of rational points on a smooth absolutely irreducible projective curve C
of genus g over a finite field Fq [51].
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