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1. Introduction

This paper, which is a sequel to [7] and [8], concerns the question of when covers
of curves in characteristic p > 0 lift to covers in characteristic zero. We begin with a
G-Galois finite branched cover X — Y of smooth projective curves over an algebraically
closed field k of characteristic p. By a lifting we mean a G-Galois branched cover X — Y
of normal projective curves over a complete discrete valuation ring R such that the
following is true. The fraction field of R has characteristic zero, the residue field of R
is isomorphic to k, and the closed fiber of X — ) is G-isomorphic to the given cover
X — Y. Lifting a G-Galois cover X — Y is equivalent to lifting the action of G on X
to an action of G on X.

In [13], Grothendieck showed that all tamely ramified covers lift, and in particular a
cover lifts if the Galois group has order prime to p. Later, in [18, Sect. 1.7], F. Oort posed
the following conjecture:

Conjecture 1.1 (Oort Conjecture). Every cyclic Galois cover of k-curves lifts to charac-
teristic zero.

Motivated by this conjecture, in [7] we defined a finite group G to be a (global) Oort
group for k if every G-Galois cover of smooth projective k-curves lifts to characteristic
zero. We asked which finite groups are Oort groups. Recently, Conjecture 1.1 was proven
by the combined work of Obus and Wewers [17] and Pop [21], so we now know that
every cyclic group is an Oort group. A brief history is as follows: In [19] and later
in [12], it was shown that a cyclic group G is an Oort group provided that its order is
exactly divisible by p, respectively by p?. More recently, in [17], it was shown that a
cyclic group G is an Oort group provided that its order is divisible at most by p?, or
more generally if its higher ramification groups satisfy a certain condition. Finally, by
deforming a general cover to one in the special case treated in [17], the full conjecture
was proven in [21].

While the above conjecture considered only cyclic groups, some results have been
obtained about more general groups. Apart from Grothendieck’s result on prime-to-p
groups being Oort groups, it is known that the dihedral group Dy, of order 2p is an
Oort group for algebraically closed fields of characteristic p (see [20] for p = 2, [4] for p
odd), and Ay is an Oort group for algebraically closed fields of characteristic 2 (see [4]
and [16]). Note that these groups are cyclic-by-p, i.e. they are extensions of a cyclic group
of order prime to p by a normal Sylow p-subgroup. The significance of understanding
Oort groups of this form is that a group G is an Oort group if and only if each cyclic-by-p
subgroup of G is an Oort group |7, Corollary 2.8].

In [7, Corollary 3.4, Theorem 4.5], we proved that if a cyclic-by-p group G is an Oort
group for an algebraically closed field of characteristic p, then G is either a cyclic group
Cp, of order m, a dihedral group Dspn for some n, or Ay if p = 2. We also conjectured
the converse in [7]:
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