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Code loops are certain Moufang 2-loops constructed from
doubly even binary codes that play an important role in
the construction of local subgroups of sporadic groups. More
precisely, code loops are central extensions of the group of
order 2 by an elementary abelian 2-group V in the variety
of loops such that their squaring map, commutator map and
associator map are related by combinatorial polarization and
the associator map is a trilinear alternating form.
Using existing classifications of trilinear alternating forms over
the field of 2 elements, we enumerate code loops of dimension
d = dim(V) < 8 (equivalently, of order 24+ < 512) up to
isomorphism. There are 767 code loops of order 128, and 80826
of order 256, and 937791557 of order 512.
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1. Introduction

Code loops are certain Moufang 2-loops constructed from doubly even binary codes
that play an important role in the construction of local subgroups of sporadic groups
[1,9,19].

We enumerate the code loops of order 128, 256 and 512 up to isomorphism, so ex-
tending the work of Nagy and Vojtéchovsky [26]. The results are summarized in Tables 1
and 2. The code loops can be constructed explicitly; those of orders dividing 256 will be
available in a future release of the LOOPS package [27] for GAP [13].

The theoretical results required for the classification of code loops were described
briefly in [26], in the context of a larger project of enumerating all Moufang loops of
order 64. Since our work suggests that it will be difficult to extend the classification of
code loops beyond order 512 (see Remark 4.1), we carefully record the theory here.

In Section 2 we recall the necessary background material on Moufang loops, code
loops, symplectic 2-loops, trilinear alternating forms, combinatorial polarization and
small Frattini Moufang loops. In particular, we recall that code loops, symplectic Mo-
ufang 2-loops and small Frattini Moufang 2-loops are the same objects. The group GL(V)
acts naturally on the set I’V of maps V — F by

Fer 5, F2(u) = fuS™).

We show that two code loops, realized as central extensions of the two-element field
F =T by a vector space V over F, are isomorphic if and only if their squaring maps
x + 22 (which can be realized as maps V — F) lie in the same orbit of this action.

For f € FV with f(0) = 0, the mth derived form f,, of f is the symmetric map
V™ — F defined by

fo(viovm) = > (=)™ ). (1.1)

OAIC{1,...,m} i€l

If P:V — F is the squaring map of a code loop @, then P, = C : V2 — F is the
commutator map of Q, P; = A: V3 — F is the associator map of @, and Py = 0. Let

FY ={feF" | f0)=0, fs=0},

so that F) consists of maps f : V — F such that f3 is a trilinear alternating form. The
results of Section 2 imply that f € F' is the squaring map of a code loop if and only if
fer,.

In Section 3 we therefore study the action of GL(V) on FY restricted to F), whose
orbits are in one-to-one correspondence with code loops of order n = 24m(V)+1 yp to
isomorphism. Suppose that V has ordered basis (e1,...,eq). A map f € F) is uniquely

determined by the values

Wiy i sz(eil,...,eik) € F, (12)
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