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We prove that each minimally transitive permutation group of 
degree n can be generated by μ(n) +1 elements, where μ(n) :=
max {m : there exists a prime p such that pm divides n}.
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1. Introduction

A transitive permutation group G ≤ Sn is called minimally transitive if every 
proper subgroup of G is intransitive. In this paper, we consider the minimal number 
of elements d(G) required to generate such a group G, in terms of its degree n. For 
the prime factorisation n =

∏
p prime p

n(p) of n, we will write ω(n) :=
∑

p n(p) and 
μ(n) := max {n(p) : p prime}.

The question of bounding d(G) in terms of n was first considered by Shepperd and 
Wiegold in [13]; there, they prove that every minimally transitive group of degree n can 
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be generated by ω(n) elements. It was then suggested by Pyber (see [12]) to investigate 
whether or not μ(n) +1 elements would always suffice. A. Lucchini gave a partial answer 
to this question in [9], proving that: if G is a minimally transitive group of degree n, 
and μ(n) + 1 elements are not sufficient to generate G, then ω(n) ≥ 2 and d(G) ≤
�log2(ω(n) − 1) + 3�.

In this note, we offer a complete solution to the problem, proving

Theorem 1.1. Let G be a minimally transitive permutation group of degree n. Then 
d(G) ≤ μ(n) + 1.

Our approach follows along the same lines as Lucchini’s proof of the main theorem 
in [9]. Indeed, his methods suffice to prove Theorem 1.1 in the case when a minimal 
normal subgroup of G is abelian. Thus, our main efforts will be concerned with the case 
when a minimal normal subgroup of G is a direct product of isomorphic nonabelian 
simple groups. The key step in this direction is Lemma 3.1, which we prove in Section 3. 
We use Section 2 to outline the method of crown-based powers due to F. Dalla Volta and 
Lucchini; this will serve as the basis for our arguments. Finally, we prove Theorem 1.1
in Section 4.

2. Crown-based powers

In this section, we outline an approach to study the question of finding the minimal 
number of elements required to generate a finite group, which is due to F. Dalla Volta 
and A. Lucchini. So let G be a finite group, with d(G) = d > 2, and let M be a normal 
subgroup of G, maximal with the property that d(G/M) = d. Then G/M needs more 
generators than any proper quotient of G/M , and hence, as we shall see below, G/M

takes on a very particular structure.
We describe this structure as follows: let L be a finite group, with a unique minimal 

normal subgroup N . If N is abelian, then assume further that N is complemented in L. 
Now, for a positive integer k, set Lk to be the subgroup of the direct product Lk defined 
as follows

Lk := {(x1, x2, . . . , xk) : xi ∈ L, Nxi = Nxj for all i, j}

Equivalently, Lk := diag(Lk)Nk, where diag (Lk) denotes the diagonal subgroup of Lk. 
The group Lk is called the crown-based power of L of size k.

We can now state the theorem of Dalla Volta and Lucchini.

Theorem 2.1 ([2], Theorem 1.4). Let G be a finite group, with d(G) ≥ 3, which requires 
more generators than any of its proper quotients. Then there exists a finite group L, with 
a unique minimal normal subgroup N , which is either nonabelian or complemented in L, 
and a positive integer k ≥ 2, such that G ∼= Lk.
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