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Let M be a finitely generated module over a Noetherian lo-
cal ring. This paper reports, for a given parameter ideal Q
for M , a criterion for the equality gs(Q; M) = hdegQ(M) −
e0
Q(M) − T1

Q(M), where gs(Q; M), hdegQ(M), e0
Q(M), and 

T1
Q(M) respectively denote the sectional genus, the homolog-

ical degree, the multiplicity, and the homological torsion of M
with respect to Q.
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1. Introduction

The notion of the sectional genera of commutative rings was introduced by A. Ooishi 
[11], and since then, many authors have been engaged in the development of the theory. 
The purpose of our paper is to give a criterion for a certain equality of the sectional 
genera of parameters for modules.

To state the problems and the results of our paper, let us fix some of our terminology. 
Let A be a Noetherian local ring with maximal ideal m and d = dimA > 0. Let M be 
a finitely generated A-module with s = dimA M . For simplicity, throughout this paper, 
we assume that A is m-adically complete and the residue class field A/m of A is infinite. 
Let I be a fixed m-primary ideal in A and let �A(N) denote, for an A-module N , the 
length of N . Then there exist integers {eiI(M)}0≤i≤s such that

�A(M/In+1M) = e0
I(M)

(
n + s

s

)
− e1

I(M)
(
n + s− 1
s− 1

)
+ · · · + (−1)sesI(M)

for all n � 0. We call eiI(M) the i-th Hilbert coefficient of M with respect to I and 
especially call the leading coefficient e0

I(M) (> 0) the multiplicity of M with respect 
to I. We set

gs(I;M) = �A(M/IM) − e0
I(M) + e1

I(M)

and call it the sectional genus of M with respect to I.
In this paper we need the notions of homological degrees and torsions of modules. For 

each j ∈ Z we set

Mj = HomA(Hj
m(M), E),

where E = EA(A/m) denotes the injective envelope of A/m and Hj
m(M) the jth local 

cohomology module of M with respect to the maximal ideal m. Then Mj is a finitely 
generated A-module with dimA Mj ≤ j for all j ∈ Z (Fact 2.1).

The homological degree hdegI(M) of M with respect to I is inductively defined in 
the following way, according to the dimension s = dimA M of M .

Definition 1.1. (See [16].) For each finitely generated A-module M with s = dimA M , 
we set

hdegI(M) =
{

�A(M) if s ≤ 0,

e0
I(M) +

∑s−1
j=0

(
s−1
j

)
hdegI(Mj) if s > 0

and call it the homological degree of M with respect to I.

The homological torsion of M with respect to I is defined as follows.
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