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Let φ and ψ be endomorphisms of the projective line of degree 
at least 2, defined over a field F . From a dynamical perspec-
tive, a significant question is to determine whether φ and ψ
are conjugate (or to answer the related question of whether a 
given rational function φ has a nontrivial automorphism). We 
construct efficient algorithms for computing the set of con-
jugating maps (resp., the group of automorphisms), with an 
emphasis on the case where F is a finite field or a number field. 
Each of our algorithms takes advantage of different dynami-
cal structures, so context (e.g., field of definition and degree 
of the map) determines the preferred algorithm.

© 2014 Elsevier Inc. All rights reserved.

1. Introduction

Let F be a field, and let φ = f/g ∈ F (z) be a rational function, where f , g are 
relatively prime polynomials. Unless otherwise specified, we assume throughout that
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d = deg(φ) := max
{
deg(f),deg(g)

}
≥ 2.

When viewed as an endomorphism of the projective line P1
F

φ→ P1
F , a dynamical theory 

of φ arises from iteration. That is, for x ∈ P1(F ), we may consider its orbit

x �→ φ(x) �→ φ2(x) �→ φ3(x) �→ · · ·

(Here we write φ1 = φ and φn = φ ◦ φn−1 for each n > 1.)
Two rational functions φ, ψ ∈ F (z) are conjugate if there is some rational function 

f of degree 1 (an automorphism of P1) defined over F , an algebraic closure of F , such 
that f ◦ φ = ψ ◦ f . In this case, the two functions exhibit the same geometric dynamical 
behavior. Indeed, if f ∈ F (z) conjugates φ to ψ, then f maps the φ-orbit of a point 
x ∈ P1(F ) to the ψ-orbit of f(x). We say that φ and ψ are conjugate over a field 
extension E/F if they satisfy the relation f ◦ φ = ψ ◦ f for some rational function 
f ∈ E(z) of degree 1. In this case, they have the same arithmetic dynamical behavior 
over E; e.g., f maps φ-orbits of E-rational points to ψ-orbits of E-rational points, and 
the field extension of E generated by the period-n points of φ and ψ must agree for every 
n ≥ 1.

Conversely, given two functions that seemingly exhibit the same dynamical behavior, 
one wants to know if they are conjugate, or if there is some deeper structure that should 
be investigated. This natural question sparked the current work, in which we study the 
following pair of algorithmic problems:

(1) For two rational functions φ and ψ, determine the set of rational functions f of 
degree 1 (automorphisms of P1) that conjugate φ to ψ, i.e., such that f ◦φ ◦f−1 = ψ.

(2) For a given rational function φ, determine the automorphism group of φ; i.e., deter-
mine the set of rational functions f of degree 1 such that f ◦ φ ◦ f−1 = φ.

These two questions are intimately connected. In Section 2 we show that the set of 
automorphisms can be viewed as the points of a finite group scheme, denoted Autφ. In 
Section 3 we show that the set of maps conjugating φ to ψ is also a scheme, denoted 
Conjφ,ψ, which is a principal homogeneous space for Autφ. In particular, conjugacy 
over F and conjugacy over an algebraic closure F are equivalent notions whenever φ
(and ψ) has trivial automorphism group. More generally, one can show that the size of 
the automorphism group of φ (or ψ) bounds the degree of the field extension generated 
by the coefficients of any conjugating map [9].

The symmetry locus of rational functions — the space of rational functions with 
nontrivial automorphism group — can be thought of as an analogue of the locus of 
abelian varieties that have extra automorphisms. Indeed, just as the presence of elliptic 
curves with extra automorphisms obstructs the existence of a universal elliptic curve, so 
does the symmetry locus obstruct the existence of a fine moduli space of conjugacy classes 
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