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We study the growth of polynomials on semialgebraic sets.
For this purpose we associate a graded algebra with the set,
and address all kinds of questions about finite generation. We
show that for a certain class of sets, the algebra is finitely
generated. This implies that the total degree of a polynomial
determines its growth on the set, at least modulo bounded
polynomials. We, however, also provide several counterexam-
ples, where there is no connection between total degree and
growth. In the plane, we give a complete answer to our ques-
tions for certain simple sets, and we provide a systematic
construction for examples and counterexamples. Some of our
counterexamples are of particular interest for the study of mo-
ment problems, since none of the existing methods seems to
be able to decide the problem there. We finally also provide
new three-dimensional sets, for which the algebra of bounded
polynomials is not finitely generated.
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1. Introduction

Let R[z] be the polynomial algebra in n variables z = (x1,...,z,). For d € N we
denote by R[z]q = {p € R[z] | deg(p) < d} the finite dimensional subspace of polynomials
of total degree at most d. For a set § C R"” let

Ba(S) := {p € R[z] ‘ p? < qon S, for some q € R[z]oq }

denote the set of those polynomials, that grow on S as if they were of degree at most d.
Clearly Rlz]q C Bg(S) for all d, and B;(S) is closed under addition, which follows for
example from the inequality

p+0) < (+1)+@—-1) =20+ 202

Bo(S) is the algebra of bounded polynomials on S, and each B;(S) carries the structure of
a By(S)-module. More generally, B4(S) - By (S) C Bytar (S), so we have a graded algebra

B(S) := P Ba(S).

d>0

B(S) can be identified with a subalgebra of R|xz,t], where ¢ is a single new variable, by
identifying p € B4(S) with p - t%. Also note that

Bd(51 U SQ) = Bd(Sl) N Bd(Sg) and B(Sl U 52) = B(Sl) N B(SQ)
holds for S7,S52 C R™. This follows from the fact that ¢ in the definition of B4(S)
can always be assumed to be globally non-negative. In fact, one can always take some
C + D||z|?*®. Finally note that B4(S) and thus B(S) do only depend on the behaviour

of S at infinity; if S is changed inside of a compact set, no changes in B4(S) and B(S)
occur. In this paper, we consider the following questions:

Question 1.1. Is B(S) a finitely generated algebra?
Question 1.2. Is By(5) a finitely generated algebra?
Question 1.3. Is every By(S) a finitely generated By(S)-module?

Question 1.4. If By(S) =R, is every B;(S) a finite dimensional vector space?
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