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We design new deterministic and randomized algorithms for
computational problems in free solvable groups. In particular,
we prove that the word problem and the power problem can be
solved in quasi-linear time and the conjugacy problem can be
solved in quasi-quartic time by Monte Carlo type algorithms.
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1. Introduction

The study of algorithmic problems in free solvable groups can be traced to the
work [11] of Magnus, who in 1939 introduced an embedding (now called the Magnus em-
bedding) of an arbitrary group of the type F/[N,N ] into a matrix group of a particular
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type with coefficients in the group ring of F/N (see Section 1.5 below). Since the word
problem in free abelian groups is decidable in polynomial time, by induction, this embed-
ding gives a polynomial time decision algorithm for a fixed free solvable group Sr,d. How-
ever the degree of the polynomial here grows together with d. An algorithm polynomial
in both: the length of a given word and the class d of the free solvable group was found
later in [15]. It was proved that the word problem has time complexity O(r|w| log2 |w|)
in the free metabelian group Sr,2, and O(rd|w|3) in a free solvable group Sr,d for d � 3.

The general approach to the conjugacy problem in wreath products was suggested
by Matthews in [14] who also described the solution to the conjugacy problem in
free metabelian groups. The first solution to the conjugacy problem in free solvable
groups was given by Remeslennikov and Sokolov in [20] who proved that the conju-
gacy in Sr,d can be reduced to the conjugacy in a wreath product of Sr,d−1 and a free
abelian group. Later Vassileva showed in [24] that the power problem in free solvable
groups can be solved in O(rd(|u| + |v|)6) time and used that result to show that the
Matthews–Remeslennikov–Sokolov approach can be transformed into a polynomial time
O(rd(|u|+ |v|)8) algorithm. In this paper we improve the results of [15] and [24], namely
we prove that:

Theorem 2.6. There exists a quasi-quadratic time Õ(|w|2) deterministic algorithm solving
the word problem in Sr,d.

Theorem 5.1. There exists a quasi-quadratic time Õ((|u|+ |v|)2) deterministic algorithm
solving the power problem in Sr,d.

Theorem 6.5. There exists a quasi-quintic time Õ((|u| + |v|)5) deterministic algorithm
solving the conjugacy problem in Sr,d.

We can improve these results further if we grant our machine an access to a random
number generator. The price of that improvement is an occasional incorrectness of the
result. Fortunately, we can control the probability of an error: for any fixed polynomial p
we can adjust some internal parameter in the algorithm to guarantee that the probability
of an error converges to 0 as fast as O(1/p(n)).

Theorem 4.5. There exists a quasi-linear time Õ(|w|) false-biased randomized algorithm
solving the word problem in Sr,d.

Theorem 5.2. There exists a quasi-linear time Õ(|u|+ |v|) unbiased randomized algorithm
solving the power problem in Sr,d.

Theorem 6.6. There exists a quasi-quartic time Õ((|u| + |v|)4) unbiased randomized al-
gorithm solving the conjugacy problem in Sr,d.

Also, we want to mention Theorem 6.4 which gives a geometric approach to the
conjugacy problem in free solvable groups.
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