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We introduce the notion of independent sequences with respect
to a monomial order by using the least terms of polynomials
vanishing at the sequence. Our main result shows that the
Krull dimension of a Noetherian ring is equal to the supremum
of the length of independent sequences. The proof has led to
other notions of independent sequences, which have interesting
applications. For example, we can show that dim R/0 : J∞ is the
maximum number of analytically independent elements in an
arbitrary ideal J of a local ring R and that dim B � dim A if B ⊂ A
are (not necessarily finitely generated) subalgebras of a finitely
generated algebra over a Noetherian Jacobson ring.
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Introduction

Let R be an arbitrary Noetherian ring, where a ring is always assumed to be commutative with
identity. The aim of this paper is to characterize the Krull dimension dim R by means of a monomial
order on polynomial rings over R . We are inspired of a result of Lombardi in [13] (see also Coquand
and Lombardi [4,5]) which says that for a positive integer s, dim R < s if and only if for every sequence
of elements a1, . . . ,as in R , there exist nonnegative integers m1, . . . ,ms and elements c1, . . . , cs ∈ R
such that
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This result has helped to develop a constructive theory for the Krull dimension [6–8].
The above relation means that a1, . . . ,as is a solution of the polynomial
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The least term of this polynomial with respect to the lexicographic order is the monomial xm1
1 · · · xms

s ,
which has the coefficient 1. This interpretation leads us to introduce the following notion.

Let ≺ be a monomial order on the polynomial ring R[x1, x2, . . .] with infinitely many variables.
For every polynomial f we write in≺( f ) for the least term of f with respect to ≺. Let R[X] =
R[x1, . . . , xs]. We call a1, . . . ,as ∈ R a dependent sequence with respect to ≺ if there exists f ∈ R[X]
vanishing at a1, . . . ,as such that the coefficient of in≺( f ) is invertible. Otherwise, a1, . . . ,as is called
an independent sequence with respect to ≺.

Using this notion, we can reformulate Lombardi’s result as dim R < s if and only if every sequence
of elements a1, . . . ,as in R is dependent with respect to the lexicographic order. Out of this refor-
mulation arises the question whether one can replace the lexicographical monomial order by other
monomial orders. The proof of Lombardi does not reveal how one can relate an arbitrary monomial
order to the Krull dimension of the ring. We will give a positive answer to this question by proving
that dim R is the supremum of the length of independent sequences for an arbitrary monomial order.
This follows from Theorem 2.7 of this paper, which in fact strengthens the above statement. As an im-
mediate consequence, we obtain other algebraic identities between elements of R than in Lombardi’s
result. Although our results are not essentially computational, the independence conditions can often
be treated by computer calculations. For instance, using a short program written in MAGMA [2], the
first author tested millions of examples which led to the conjecture that the above question has a
positive answer [12]. The proof combines techniques of Gröbner basis theory and the theory of asso-
ciated graded rings of filtrations. It has led to other notions of independent sequences which are of
independent interest, as we shall see below.

Our idea is to replace the monomial order ≺ by a weighted degree on the monomials. Given an
infinite sequence w of positive integers w1, w2, . . . , we may consider R[x1, x2, . . .] as a weighted
graded ring with deg xi = wi , i = 1,2, . . . . For every polynomial f , we write inw( f ) for the weighted
homogeneous part of f of least degree. We call a1, . . . ,as ∈ R a weighted independent sequence with
respect to w if every coefficient of inw( f ) is not invertible for all polynomials f ∈ R[X] vanishing at
a1, . . . ,as . Otherwise, a1, . . . ,as is called a weighted dependent sequence with respect to w. We will see
that if R is a local ring and wi = 1 for all i, the sequence a1, . . . ,as is weighted independent if and
only if the elements a1, . . . ,as are analytically independent, a basic notion in the theory of local rings.
That is the reason why we use the terminology independent sequence for the above notions.

Let Q = (x1 −a1, . . . , xs −as) be the ideal of polynomials of R[X] vanishing at a1, . . . ,as . Let in≺(Q )

and inw(Q ) denote the ideals of R[X] generated by the polynomials in≺( f ) and inw( f ), f ∈ Q . We
want to find a weight sequence w such that in≺(Q ) = inw(Q ). It is well known in Gröbner basis
theory that this can be done if in≺(Q ) and inw(Q ) were the largest term or the part of largest degree
of f . In our setting we can solve this problem only if ≺ is Noetherian, that is, if every monomial has
only a finite number of smaller monomials. In this case, a1, . . . ,as is independent with respect to w if
and only if it is independent with respect to ≺. If ≺ is not Noetherian, we can still find a Noetherian
monomial order ≺′ such that if a1, . . . ,as is independent with respect to ≺, then a1ai, . . . ,asai is
independent with respect to ≺′ for some index i. By this way, we can reduce our investigation on the
length of independent sequences to the weighted graded case.

We shall see that for every weight sequence w, inw(Q ) is the defining ideal of the associated
graded ring of certain filtration of R . Using properties of this associated graded ring we can show
that the length of a weighted independent sequence is bounded above by dim R , and that a1, . . . ,as

is a weighted independent sequence if ht(a1, . . . ,as) = s. From this it follows that dim R is the supre-
mum of the length of independent sequences with respect to w. This is formulated in more detail in
Theorem 1.8 of this paper. Furthermore, we can also show that dim R/

⋃
n�1(0 : Jn) is the supremum
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