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Until now there has been no suitable dimension to measure how
far a module deviates from being uniserial. We define and study
a new dimension, which we call uniserial dimension. The uniserial
dimension is a measure of how far a module deviates from being
uniserial. It is shown that for a ring R and an ordinal number α,
there exists an R-module of uniserial dimension α. We show that
a commutative ring R is Noetherian (resp. Artinian) if and only
if every finitely generated R-module has (resp. finite) uniserial
dimension. We characterize rings whose modules have uniserial
dimension. In fact, it is shown that every right R-module has
uniserial dimension if and only if the free right R-module

⊕∞
i=1 R

has uniserial dimension if and only if R is a semisimple Artinian
ring.

© 2013 Elsevier Inc. All rights reserved.

0. Introduction

By a valuation ring (also called a chain ring) we mean a commutative ring R whose ideals are
totally ordered by inclusion. A valuation ring that is a domain is called valuation domain. The no-
tion of valuation domain has been generalized in various directions. One is the Manis valuation that
furnishes some commutative non-domains with a kind of valuation. The other is concerned with (non-
commutative) chain rings. Note that by definition a right chain ring R has a linearly ordered lattice of
right ideals. Left chain rings are defined similarly. Uniserial modules are immediate generalization of
right chain rings. A module N is called uniserial if its submodules are linearly ordered by inclusion.
Clearly, every submodule and every factor module of a uniserial module is uniserial. Artinian serial
rings were probably studied first in 1935 by Köthe and the term uniserial is due to him. The structure
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of these rings was then studied by Asano in [2], Nakayama in [10], who called generalized uniserial
ring what we call Artinian serial ring, Fuller in [6], Eisenbud and Griffith in [4], and by Warfield
in [14], who defined serial rings in such a way that they need not be Noetherian. Hence the def-
inition of (right) serial rings we use in this article follows Warfield’s terminology. A serial module
is a module that is a direct sum of uniserial modules, and a ring R is serial if the two modules R R
and R R are both serial modules. Important classes of rings yield examples of serial rings. For instance,
semisimple Artinian rings and rings of triangular matrices over a field are serial rings.

Although uniserial modules are uniform and there are some dimensions to show how far the
module is from being uniform, there is no dimension to show how far the module is from being
uniserial. For example although the Z-module Z is uniform, it is too far from being uniserial.

Throughout this paper, let R denote an arbitrary ring with identity. All modules are assumed to
be unitary. If N is a submodule (resp. proper submodule) of M we write N � M (resp. N < M). For
a module MR we write soc(M) and Rad(M), for the socle and the Jacobson radical of M , respectively.
Also J(R) will be used for the Jacobson radical of a ring R .

In this article we define and study uniserial dimension of modules. It is an ordinal-valued invariant
that measures how far a module is from being uniserial. It is convenient to begin our list of ordinals
with 1. In order to define uniserial dimension for modules over a ring R , we first define, by transfinite
induction, classes ζα of R-modules for all ordinals α � 1. To start with, let ζ1 be the class of non-zero
uniserial modules. Next, consider an ordinal α > 1; if ζβ has been defined for all ordinals β < α,
let ζα be the class of those R-modules M such that, for every submodule N < M , where M/N � M ,
we have M/N ∈ ⋃

β<α ζβ . If an R-module M belongs to some ζα , then the least such α is the uniserial
dimension of M , denoted u.s.dim(M). For M = 0, we define u.s.dim(M) = 0. If M �= 0 and M does not
belong to any ζα , then we say that M has no uniserial dimension.

In Section 1, we consider some basic properties of the uniserial dimension. In particular, we show
that an R-module M has uniserial dimension if and only if for every ascending chain M1 � M2 � · · · of
submodules of M , there exists n � 1 such that M/Mn is uniserial or M/Mn ∼= M/Mk for all k � n (see
Proposition 1.3). This yields that every Noetherian module has uniserial dimension. We also show that
a commutative ring R is Noetherian (resp. Artinian) if and only if every finitely generated R-module
has (resp. finite) uniserial dimension (see Corollaries 1.6 and 1.16). Recall that a semisimple module M
is said to be homogeneous if M is a direct sum of pairwise isomorphic simple submodules. We see in
Proposition 1.18 that a semisimple module has uniserial dimension if and only if it is a finite direct
sum of homogeneous semisimple modules. Moreover the uniserial dimension of a finitely generated
semisimple module is equal to its length.

In Section 2, it is shown that for a ring R the right module
⊕∞

i=1 R has uniserial dimension if
and only if R is semisimple Artinian if and only if; all right R-modules have uniserial dimension (see
Theorem 2.6).

1. Uniserial dimension

Let M be a non-zero R-module. Hirano and Mogami proved in [8, Proposition 1] that if, for ev-
ery proper submodule N of M , M/N ∼= M then M is uniserial and Artinian. Moreover, the lattice of
submodules of M , which must therefore be order-isomorphic to an ordinal α, must be an ordinal α
of a very special type. Actually M is simple or α = ωβ + 1 for some ordinal β , where ω denotes the
first limit ordinal number. Hirano and Mogami also proved in [8, Theorem 8] that if R is commuta-
tive, then the following conditions are equivalent for an R-module M: (a) M/N ∼= M for every proper
submodule N of M; (b) the lattice of submodules of M is order-isomorphic to 1 or ω + 1. They even
didn’t know whether a module M with M/N ∼= M for every proper submodule N of M and the lattice
of submodules of M order-isomorphic to ω2 + 1 could exist (see [8, Question 7]), a fact that was later
proved by Facchini and Salce in [5, Section 2]. All these facts motivate us to introduce the notion of
uniserial dimension for modules:

Definition 1.1. In order to define uniserial dimension for modules over a ring R , we first define, by
transfinite induction, classes ζα of R-modules for all ordinals α � 1. To start with, let ζ1 be the class
of non-zero uniserial modules. Next, consider an ordinal α > 1; if ζβ has been defined for all ordinals
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