Journal of Algebra 398 (2014) 284-302

Contents lists available at ScienceDirect

JOURNAL OF

Journal of Algebra

www.elsevier.com/locate/jalgebra

Radical extensions for the Carlitz module

Marco Sanchez-Mirafuentes?, Gabriel Villa-Salvador P-*

2 Universidad Auténoma Metropolitana, Unidad Iztapalapa, Divisién de Ciencias Bdsicas e Ingenieria, Departamento de Matemadticas,
Av. San Rafael Atlixco 186, Col Vicentina, Del. Iztapalapa, CP 09240 México, D.F, México

b pepartamento de Control Automdtico, Centro de Investigacion y de Estudios Avanzados del .PN., Apartado Postal 14-740, CP 07000,
México, D.E, México

ARTICLE INFO ABSTRACT
Article history: Let L/K be a finite extension of congruence function fields. We
Received 17 July 2013 say that L/K is a radical extension if L is generated by roots of

Available online 18 October 2013

X . polynomials Cps(u) —a € K[u], where Cp(u) is the action of Carlitz.
Communicated by Eva Bayer-Fluckiger

We study a special class of these extensions, the pure coradical
extensions. We prove that any pure coradical extension has order
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1. Introduction

Let L/K be a field extension. In the study of radical extensions we have the torsion and the cogalois
classical groups

T(L/K)={u e (L)* | u" € K for some integer n}
and
cog(L/K)=T(L/K)/(K)*.
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There exists an important class of field extensions studied by Greither and Harrison [4] which is
called cogalois extensions. We say that L/K is a cogalois extension if:

(1) L=K(T(L/K)) and
(2) card(cog(L/K)) <[L:K],

see [4] and [2].

The analogy of number fields with congruence function fields and, more precisely, of cyclotomic
number fields with cyclotomic function fields, leads to the natural question if one can find an analog
of the usual torsion group in the torsion module defined by the Carlitz action.

We give a new definition of radical extension by using the action of Carlitz. A function field exten-
sion L/K will be called radical, if L can be generated by some elements u with Cy, (u) € K over K,
where M, are some polynomials. Among these extensions we study pure coradical extensions. An
extension is called pure coradical, if it is radical, separable and pure. They can be viewed as the
generalizations of Carlitz-Kummer extensions. These extensions have analogous properties to those
of cogalois extensions defined in [4], see Sections 4 and 5. A pure coradical extension L/K satisfies
L=K(T(L/K)). Observe the analogy with the previous definition.

In this paper we study the torsion given by the action of Carlitz. Thus we understand “radical” in
the sense of this action. We study the structure of congruence function fields generated by torsion.
In Section 3 we define the concept of pure coradical extension as an analogue of cogalois extensions
in the classical case. We give examples of pure coradical and nonpure coradical extensions and of
pure and nonpure extensions and show that, as in the classical case, the extension k(Apn)/k(Ap) is
pure, where P € Rt =[Fy[T] is an irreducible polynomial and n € N. In Sections 4 and 5 we give some
properties of radical and pure coradical extensions and prove, as in the classical case, that for Galois
extensions, the cogalois group is isomorphic with the group of crossed homomorphisms.

In Section 6 we obtain our main results: we characterize the finite pure coradical extensions. In
particular we prove that finite pure coradical extensions are p-extensions, where p is the characteris-
tic of the base field. This is given in Theorems 6.6 and 6.7 and Corollary 6.9. Examples and applications
are provided in Section 7. Finally, in Section 8 we find an upper bound for the cogalois group of a
pure coradical extension.

In the classical case, Greither and Harrison [4] obtained that if L/K is a cogalois extension, then
every intermediate field K C F C L satisfies that F/K and L/F are cogalois. They also show the exis-
tence of a lattice isomorphism between intermediate extensions of L/K and subgroups of cog(L/K).
Further, they proved that |cog(L/K)| =[L: K] and so on. None of these properties hold any more in
our case, see Lemma 7.3, Examples 7.8, 7.10, 7.11, Proposition 8.4 and Example 8.7. Therefore we can-
not expect a prefect analogy with the classical theory. For this reason, we do not call the extensions
which we study “cogalois”, the analogy is just not strong enough.

2. Notation

We shall use the following notation.

p denotes a prime number.

g=p’,veN.
k =TFq4(T) denotes the field of rational functions.
Rr =TFg[T].

k denotes an algebraic closure of k.
char(L) denotes the characteristic of a field L.

If E/L is a field extension such that k C L C E C k, we denote by T(E/L) the set {u € E |
there exists M € Ry such that Cy(u) € L}.
Cm denotes the cyclic group of order m.
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