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The product of two non-conjugate elements of order two in a finite
group must have even order. In this paper, we generalize this result
for the product of two suitable elements of even order.
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1. Introduction

In this article, we consider groups satisfying the following hypothesis:

(H) (1) G is a finite group;
(2) u and v are involutions (elements of order two) in G;
(3) t is a 2-element of G;
(4) there are no conjugates u′, v ′ of u, v such that u′v ′ = t .

(Recall that a 2-element is an element whose order is a nonnegative power of 2. Thus, the identity is
a 2-element.)

For every subgroup H of G , let O (H) be the largest normal subgroup of H of odd order. From the
structure of a dihedral group, it is easy to see that under hypothesis (H), one can extend (4) to obtain:

(4′) there are no conjugates u′, v ′ of u, v such that u′v ′ = t w for some element w of odd order
in CG(t).

Additional consequences of hypothesis (4) have been obtained by Richard Brauer in [2] using block
theory. In this article, we use the methods of [2] to obtain the following further consequence:
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Theorem 1. Assume hypothesis (H). Suppose

(a) w is an element of odd order in CG(t);
(b) u′ ∈ O (CG(u)) and v ′ ∈ O (CG(v)).

Then (uu′)(v v ′) �= t w.

By taking the case when t = 1, we obtain:

Corollary. Suppose u and v are involutions in a finite group G that are not conjugate in G. Assume that
u′ ∈ O (CG(u)) and v ′ ∈ O (CG(v)). Then (uu′)(v v ′) has even order.

All groups in this article are finite. For a group G , we denote the set of irreducible complex char-
acters of G by Irr(G) and the set of all elements of odd order in G by G2′ . For elements x, y, z of G ,
let

f (x, y, z) =
∑

χ(x)χ(y)χ(z)/χ(1)

where χ ranges over Irr(G).
Henceforth, we let G denote a fixed, but arbitrary, group.

2. Preliminary results

Let p be a prime. One may represent G by linear transformations of a vector space V over a split-
ting field of characteristic p. When G acts irreducibly on V , one obtains a complex-valued function
on the set of p′-elements of G , called an irreducible Brauer character, as described in [6, pp. 16–18].
Now consider the union of Irr(G) with the set of all irreducible Brauer characters of G . By considering
their values on group elements, we may partition the elements of this union into equivalence classes,
called p-blocks [6, pp. 48–49] or simply blocks, if p is given. For a block B , we denote the set of
irreducible complex characters in B by Irr(B). The class that contains the principal complex character
of G is called the principal p-block of G .

Now we require some well-known preliminary results. The first follows from [5, Theorem 4.2.12].

Proposition 1 (Class multiplication formula). Let x, y, z be elements of G and k be the number of ordered pairs
(x′, y′) such that x′ is conjugate to x in G; y′ is conjugate to y in G; and x′ y′ = z. Then

k = ∣∣G : CG(x)
∣∣∣∣G : CG(y)

∣∣ f (x, y, z)/|G|.

Henceforth, let B0(G) denote the principal 2-block of G .
The next two results are special cases of properties of p-blocks for all primes p. Part (b) of Propo-

sition 2 ultimately derives from [3].

Proposition 2. Let φ be an irreducible Brauer character of G for the prime 2.

(a) If φ lies in B0(G), then φ(x) = φ(1) for every element x of O (G).
(b) If φ lies outside B0(G), then

∑
φ(x) = 0,

where the sum is taken over G2′ .
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