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1. Introduction

In a classic paper [18] of 1922 R. Nevanlinna solved the problem of the determinacy
of solutions of the Stieltjes moment problem. En route he proved several other theorems
that have since been influential; in particular, the following theorem, which characterizes
the Cauchy transforms of positive finite measures p on R, has had a profound impact
on the development of modern analysis. Let P denote the Pick class, that is, the set of
analytic functions on the upper half-plane,

Hdﬁf{ze(C:Imz>0},

that have non-negative imaginary part on II.

Theorem 1.1 (Nevanlinna’s Representation). Let h be a function defined on II. There
exists a finite positive measure p on R such that

h(z) = / td_“z (1.1)

if and only if h € P and
liminf y |h(iy)| < co. (1.2)
Y—r00

A closely related theorem, also referred to in the literature as Nevanlinna’s Represen-
tation, provides an integral representation for a general element of P.

Theorem 1.2. A function h : II — C belongs to the Pick class P if and only if there exist
a € R, b>0 and a finite positive Borel measure pn on R such that

14tz

h(z):a+bz+/ 7

dp(t) (1.3)
—z
for all z € I1. Moreover, for any h € P, the numbers a € R, b > 0 and the measure p > 0
in the representation (1.3) are uniquely determined.

What are the several-variable analogs of Nevanlinna’s theorems? In this paper we shall
propose four types of Nevanlinna representation for various subclasses of the n-variable
Pick class P,,, where P, is defined to be the set of analytic functions i on the polyhalf-
plane II"™ such that Imh > 0. In addition, we shall present necessary and sufficient
conditions for a function defined on II"™ to possess a representation of a given type in
terms of asymptotic growth conditions at oo.

The integral representation (1.1) of those functions in the Pick class that satisfy
condition (1.2) can be written in the form
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