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boundary conditions

u(z) = /u(m) n(z,dx) for z € Q.
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A, generates a holomorphic positive contraction semigroup
T, on L>=(2). The semigroup T}, is never strongly continuous,
but it enjoys the strong Feller property in the sense that it
consists of kernel operators and takes values in C(Q2). We
also prove that 7T}, is immediately compact and study the
asymptotic behavior of T),(t) as ¢ — co.
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1. Introduction

W. Feller [13,14] has studied one-dimensional diffusion processes and their correspond-
ing transition semigroups. In particular, he characterized the boundary conditions which
must be satisfied by functions in the domain of the generator of the transition semi-
group. These include besides the classical Dirichlet and Neumann boundary conditions
also certain nonlocal boundary conditions.

Subsequently, A. Venttsel’ [31] considered the corresponding problem for diffusion
problems on a domain Q C R? with smooth boundary. He characterized boundary con-
ditions which can potentially occur for the generator of a transition semigroup. Naturally,
the converse question of proving that a second order elliptic operator (or more generally,
an integro-differential operator) subject to certain (nonlocal) boundary conditions in-
deed generates a transition semigroup, has received a lot of attention, see the article by
Galakhov and Skubachevskii [15], the book by Taira [30] and the references therein. We
would like to point out that the interest in general — also nonlocal — boundary conditions
is not only out of mathematical curiosity. In fact, nonlocal boundary conditions appear
naturally in applications, e.g. in thermoelasticity [11], in climate control systems [20]
and in financial mathematics [17].

In this article, we consider second order differential operators on a bounded open
subset  of RY, formally given by

d d
Adu = Z aile‘Dj’u, + Z biju + cou.
ij=1 i=1

Below, we will define a realization A, of &/ on C(9Q) subject to nonlocal boundary
conditions of the form

for all z € 9Q, where p : 9Q — .#T(Q) is a measure-valued function with 0 <
w(z, Q) < 1. Here, .#(2) denotes the space of all (complex) Borel measures on {2 and
M T(Q) refers to the cone of positive measures.

This boundary condition has a clear probabilistic interpretation. Whenever a diffusing
particle reaches the boundary (say at the point z € 9Q), it immediately jumps back to
the interior 2. The point it jumps to is chosen randomly, according to the distribution
w1(z, ). In the case where u(z,Q) < 1, the particle “dies” with probability 1 — u(z, Q).
This is a multidimensional version of what Feller called in [14] an instantaneous return
process. Stochastic processes of this form were constructed by Grigorescu and Kang [17,
18] and Ben-Ari and Pinsky [6,7].

We will now make precise our assumptions on €2, the coefficients a;;, b; and ¢y as well
as the measures p. Unexplained terminology will be discussed in Section 3.
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