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In this paper we derive a non-linear version of the Feynman–
Kac formula for the solutions of the vorticity equation in
dimension 2 with space periodic boundary conditions. We
prove the existence (global in time) and uniqueness for
a stochastic terminal value problem associated with the
vorticity equation in dimension 2. A particular class of
terminal values provide, via these probabilistic methods,
solutions for the vorticity equation.
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1. Introduction

The Feynman–Kac formula, in its original form derived from the idea of path in-
tegration in Feynman’s PhD thesis (which is now available in a new print [8]), is a
representation formula for solutions of Schrödinger’s equations, and in the hand of Kac,
is an explicit formula written in terms of functional integrals with respect to the Wiener
measure, the law of Brownian motion.
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Bismut [3], Pardoux–Peng [11] and Peng [12], by utilizing Itô’s lemma together
with Itô’s martingale representation, have obtained an interesting non-linear version
of Feynman–Kac’s formula for solutions of semi-linear parabolic equations in terms of
backward stochastic differential equations (BSDE). The goal of the present paper is to
derive a Feynman–Kac formula for solutions of the Navier–Stokes equations in the same
spirit of Bismut and Pardoux–Peng [11], and to study the random terminal problem of
the stochastic differential equations associated with the vorticity equations.

The main idea contained in [3,11] may be described as the following. Let u(t, x) =
(u1(t, x), · · · , um(t, x)) be a smooth solution to the Cauchy initial value problem of the
following system of semi-linear parabolic equations

∂

∂t
ui − νΔui + f i(u,∇u) = 0, u(0, x) = u0(x) in Rd (1.1)

where i = 1, · · · ,m, and ν > 0 a constant. Let B = (B1, · · · , Bd) be the standard
Brownian motion on a complete probability space (Ω,F ,P), x ∈ Rd and T > 0. Let us
read the solution u along Brownian motion B. More explicitly, let Yt = u(T−t,

√
2νBt+x)

for t ∈ [0, T ] and Zt = ∇u(T − t,
√

2νBt + x), where ∇u is the linear operator from Rd

to Rd defined by ∇u(·, x)v = d
dε |ε=0u(·, x + εv), v ∈ Rd. Applying Itô’s formula to u and

B we obtain

YT − Yt =
T∫
t

f(Ys, Zs)ds +
√

2ν
T∫
t

Zs · dBs, YT = u0(BT ). (1.2)

In literature, (1.1) may be written in differential form

dY = f(Y,Z)dt +
√

2νZ · dB, YT = ξ, (1.3)

where the arguments s, t, etc. are suppressed if no confusion may arise. The differential
equation above is an example of backward stochastic differential equations, where the
terminal value YT = ξ is given. The function f appearing on the right hand side of (1.3)
is called the (non-linear) driver.

Pardoux–Peng [11] made an important observation. If the non-linear driver f in BSDE
(1.3) is globally Lipschitz continuous, then there is a unique adapted solution pair (Y,Z)
satisfying (1.3) for a random terminal value ξ ∈ L2(Ω,FT ,P), which is not necessary
in the form of u0(BT ). The solution u and its gradient ∇u in turn can be represented
in terms of (Y,Z). This representation may be considered as a non-linear extension of
Feynman–Kac’s formula to semi-linear parabolic equations.

More recently, Kobylanski [9], Delarue [7], Briand–Hu [4], Tevzadze [13], etc. have
extended Pardoux–Peng’s result to some BSDEs with non-linear drivers of quadratic
growth. These papers however mainly deal with scalar BSDEs only, which corresponds
to semi-linear scalar parabolic equations. It remains largely an open problem whether
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