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there is promise for more applications/implications in these or
other directions.
© 2016 Elsevier Inc. All rights reserved.

1. Introduction

Let ai,...,ag,b,n € Z, n > 1. A linear congruence in k unknowns z1, ..., xj is of the
form

a1ry + - +apry =b  (mod n). (1.1)

By a solution of (1.1) we mean an ordered k-tuple of integers modulo n, denoted by
(x1,...,2k), that satisfies (1.1). Let (uq,...,u;) denote the greatest common divisor
(ged) of uq,...,uy € Z. The following result, proved by D. N. Lehmer [19], gives the
number of solutions of the above linear congruence:

Proposition 1.1. Let ay,...,ar,b,n € Z, n > 1. The linear congruence a1x1+- - -+apxy =
b (mod n) has a solution (x1,...,x1) € ZE if and only if € | b, where £ = (a1, . ..,ax,n).
Furthermore, if this condition is satisfied, then there are n*~' solutions.

Interestingly, this classical result of D. N. Lehmer has been recently used [4] in intro-
ducing GMMH* which is a generalization of the well-known A-universal hash function
family, MMH*.

The solutions of the above congruence may be subject to certain conditions, such
as ged(xg,n) = t; (1 <4 < k), where t1,...,t; are given positive divisors of n. The
number of solutions of this kind of congruence, we call it restricted linear congruence,
was investigated in special cases by several authors. It was shown by Rademacher [29]
in 1925 and Brauer [7] in 1926 that the number N, (k,b) of solutions of the congruence
1+ -+ 2k = b (mod n) with the restrictions (z;,n) =1 (1 <i < k) is

pln,plb pln,pth

where ¢(n) is Euler’s totient function and the products are taken over all prime divisors
p of n. This result was rediscovered later by Dixon [13] and Rearick [31]. The equivalent

formula
Noy(k, b) = %ch(b) (cn (g))k (1.3)

d|n

involving the Ramanujan sums ¢, (m) (see Section 2.1) was obtained by Nicol and Van-
diver [28, Th. VII] and reproved by Cohen [8, Th. 6].
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