Journal of Number Theory 171 (2017) 358-390

Contents lists available at ScienceDirect

 JOURNALOF

Journal of Number Theory

www.elsevier.com /locate/jnt

Rational digit systems over finite fields and @ CrossMatk
Christol’s Theorem *

Manuel Joseph C. Loquias ®”, Mohamed Mkaouar °,
Klaus Scheicher *, Jérg M. Thuswaldner *

2 Chair of Mathematics and Statistics, University of Leoben, Franz-Josef-Strasse
18, A-8700 Leoben, Austria

b Institute of Mathematics, University of the Philippines Diliman, 1101

Quezon City, Philippines

¢ Faculté des Sciences de Sfax, BP 802, Sfax 3018, Tunisia

d Institute for Mathematics, University of Natural Resources and Applied Life
Sciences, Gregor Mendel Strasse 33, A-1180 Wien, Austria

ARTICLE INFO ABSTRACT

Article history: Let P,Q € Fy[X] \ {0} be two coprime polynomials over
Received 24 February 2016 the finite field F,; with deg P > deg@Q. We represent each
Received in revised form 19 May

olynomial w over F, b
2016 poly q PY

Accepted 26 July 2016

Available online 6 September 2016 k s [ P\?

Communicated by D. Goss w = Z é (6)

Dedicated to Professor =0

Peter Grabner on the occasion of his

50th birthday using a rational base P/Q and digits s; € Fq[X] satisfying
deg s; < deg P. Digit expansions of this type are also defined

MSC: for formal Laurent series over F,;. We prove uniqueness

primary 11A63, 68Q70 and automatic properties of these expansions. Although the

secondary 11B85 w-language of the possible digit strings is not regular, we are

able to characterize the digit expansions of algebraic elements.

* The first and fourth authors were supported by project 11136 “Fractals and numeration” granted by
the Austrian Science Fund (FWF). The first author was also supported by an Austrian Exchange Service
(OeAD-GmbH) scholarship financed by the Austrian Federal Ministry of Science, Research and Economy
(BMWFW) within the framework of the ASEA UNINET. The third author was supported by project P23990
“Number systems for Laurent series over finite fields” granted by the Austrian Science Fund (FWF).

* Corresponding author.

E-mail addresses: mjcloquias@math.upd.edu.ph (M.J.C. Loquias), mohamed.mkaouar@fss.rnu.tn

(M. Mkaouar), klaus.scheicher@boku.ac.at (K. Scheicher), joerg.thuswaldner@unileoben.ac.at

(J.M. Thuswaldner).

http://dx.doi.org/10.1016/j.jnt.2016.07.021
0022-314X/© 2016 Elsevier Inc. All rights reserved.


http://dx.doi.org/10.1016/j.jnt.2016.07.021
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jnt
mailto:mjcloquias@math.upd.edu.ph
mailto:mohamed.mkaouar@fss.rnu.tn
mailto:klaus.scheicher@boku.ac.at
mailto:joerg.thuswaldner@unileoben.ac.at
http://dx.doi.org/10.1016/j.jnt.2016.07.021
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jnt.2016.07.021&domain=pdf

M.J.C. Loguias et al. / Journal of Number Theory 171 (2017) 358-390 359

Keywords: In particular, we give a version of Christol’s Theorem by
Finite fields _ showing that the digit string of the digit expansion of a
Formal Laurent series formal Laurent series is automatic if and only if the series

Digit system

Christol's Theorem is algebraic over F,[X]. Finally, we study relations between

digit expansions of formal Laurent series and a finite fields
version of Mahler’s 3/2-problem.
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1. Introduction

We study digit systems with “rational bases” defined in rings of polynomials and fields
of formal Laurent series over finite fields. Although the w-language of the digit strings
of expansions with respect to such a digit system is not regular, expansions of algebraic
elements are well-behaved. In particular, we are able to establish a version of Christol’s
Theorem for expansions of formal Laurent series.

Digit systems over finite fields have been first studied in 1991 by Kovéacs and Pethd [14].
Since then they have been generalized in various ways (see [7,19,22,25]) and many of
their properties have been investigated (cf. [1,6,8,15-17,24]). As indicated in Effinger
et al. [12] theories sometimes reveal new features when transferred from the integer to
the finite fields setting. This is true also for digit systems over finite fields: although they
often behave similar to their “cousins” defined over Z and R, they also show completely
different properties that have no analogue in the integer case. This is highlighted for
instance by the p-automaticity results by Rigo [19], Rigo and Waxweiler [20] and, more
recently, by Scheicher and Sirvent [23]. The specialty of the digit systems studied in the
present paper consists in the fact that they have rational functions as bases and, hence,
form the analogues of the rational based digit systems studied by Akiyama et al. [3].

The rational based digit systems studied by Akiyama et al. [3] have a very difficult
structure and are related to the notorious 3/2-problem of Mahler [18]. The present contri-
bution aims at getting more information on the structure of their finite fields analogues.
Although some properties that we face are similar to the ones in the integer setting,
we put emphasis in proving results that are special to the finite fields setting. These
new results are often related to automaticity properties of the digit systems over finite
fields. As mentioned above, one of our main results is a version of Christol’s Theorem
(¢f. Theorem 7.2). To prove this we derive explicit formulas for the digit expansion of a
given formal Laurent series (see Theorem 6.7). A motivation of these results comes from
the fact that they contrast the results by Adamczewski and Bugeaud [2] stating that in
the case of g-ary number systems automaticity of expansions gives rise to transcendental
numbers. Indeed, in the case of our Laurent series expansions automaticity of expansions
yields algebraicity of the expanded element.

To be more precise, let P and () be nonzero and coprime polynomials over a finite
field F, whose degrees satisfy deg P > deg ). Then by a simple algorithm we can expand
each polynomial w over F, by its P/Q-polynomial digit expansion
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