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1. Introduction

A consequence of three primes theorem asserts that every integer larger than 1 can be
expressed as a sum of no more than four prime numbers. A classical theorem of Lagrange
asserts that every positive integer can be written as a sum of four squares of natural
numbers. Sarkozy [8] asked for a chromatic version of these theorems. Hua’s theorem
with five squares of primes is similar to the previous two theorems, which asserts that
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every sufficiently large integer congruent to 5 (mod 24) can be expressed as a sum of
five squares of primes, then we can conclude that every sufficiently large integer can
be expressed as a sum of no more than a fixed number of squares of primes. In this
paper, we consider a chromatic version of this conclusion. More precisely, let A denote
the sequence of squares of primes and suppose K > 1 is an integer. Then the problem
is to determine the upper bounds in terms of K for the smallest integer s(K) with the
property that there exists an integer n(K) such that given any partition {4;, 1 <4 < K}
of the sequence of the squares of primes, there is an integer ¢ with 1 < ¢ < K for each
integer n > n(K) so that n can be written as the sum of no more than s(K) squares of
primes, which belong to one of the sets A;.

Hegyvéri and Hennecart [2| used an essentially elementary method to attack the prob-
lem of Sarkozy for both the sequence of squares and the sequence of prime numbers.
Applying their method to the sequence of squares, they obtained the bound s(K) <«
(KlogK)®. Applying their method to the sequence of prime numbers, they obtained the
bound s(K) < 1500K3. Ramana and Ramaré [6] obtained s(K) < 1700C KloglogK im-
proving on the upper bound s(K) < K? for the sequence of the prime numbers. Akhilesh
and Ramana [1] obtained s(K) <. K2t for the sequence of squares, where € was any
positive real number, improving on the upper bound given by Hegyvari and Hennecart.

Motivated by [1], this paper considers the upper bound of s(K) for the sequence of
squares of primes and obtains the following main theorems.

Theorem 1.1. For any integer K > 1 and sufficiently small positive number €, we have
s(K) < K2F.

The proof of Theorem 1.1 needs the following theorem, which we state with the aid of
the following notation. For any subset A of the squares of primes in the interval (N, 4N],
we shall write

Eg(A) = Z (log ¢1)(log g2)(log p1) - - - (log p10),
F+pt+.. +pi=g3+p3+...4+pio

where ¢7, ¢3, p? € A with 1 <i < 10.

Theorem 1.2. Let K > 1 be a positive integer and € be a sufficiently small positive
number. Then there exists an integer Ny, depending only on K and €, such that for
all N > Ny and any subset A of the squares of primes in the interval (N,4N] with
|A| > N2 /K log N, we have

EG(.A) <, |A|10L10K€.

Notation. Throughout, the letter ¢ will denote sufficiently small positive number, the
(a,b,c,d) and [a,b, ¢, d] will denote a tuple and the least common multiple respectively,
p; and ¢; will denote prime numbers, L will denote the log N and e(z) will denote €27,
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