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Let f = ax + x3q−2 ∈ Fq2 [x], where a ∈ F
∗
q2 . We prove that f

is a permutation polynomial of Fq2 if and only if one of the 
following occurs: (i) q = 2e, e odd, and a

q+1
3 is a primitive 

3rd root of unity. (ii) (q, a) belongs to a finite set which is 
determined in the paper.

© 2014 Elsevier Inc. All rights reserved.

1. Introduction

A polynomial f ∈ Fq[x] is called a permutation polynomial (PP) of Fq if it induces 
a permutation of Fq. While permutation monomials of Fq are obvious (axn, a ∈ F

∗
q , 

gcd(n, q − 1) = 1), the situation for permutation binomials is much more interesting 
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and challenging. The reason for a binomial to be a PP can be quite nontrivial despite 
the simple appearance of the binomial. In [3], Carlitz and Wells proved that for fixed 
integers e > 1 and c > 0, when q is large enough and satisfies the conditions e | q − 1
and gcd(c, q − 1) = 1, there exists a ∈ F

∗
q such that xc(x q−1

e + a)k is a PP of Fq for all 
k ≥ 0. (Note that when k = 1, the PP is a binomial.) The special cases of this result 
with c = k = 1 and e = 2, 3 appeared in [2]. Carlitz and Wells’ proof of the existence 
result relies on a bound on the Weil sum of a multiplicative character of Fq [17], [8, 
Theorem 5.39]. Using the Hasse–Weil bound on the number of degree one places of a 
function field over Fq [11, Theorem V.2.3], Masuda and Zieve [9] were able to make 
Carlitz–Wells’ existence result (with k = 1) more precise. They proved that if q ≥ 4 and 
q−1
e > 2q(log log q)/ log q, then there exists a ∈ F

∗
q such that xc(x q−1

e + a) is a PP of Fq. 
Moreover, they obtained an estimate for the number of a’s with this property.

There are also nonexistence results on permutation binomials. Niederreiter and Robin-
son [10] proved that if there is a PP of Fq of the form xm + ax, where m > 2 and 
a ∈ F

∗
q , then either m is a power of p (p = charFq) or q < (m2 − 4m + 6)2. An im-

provement of this result was obtained by Turnwald [13]: If there is a PP of Fq of the 
form xm + axn, where m > n > 0 and a ∈ F

∗
q , then either m

n is a power of p or 
q ≤ (m − 2)4 + 4m − 4. For permutation binomials over prime fields, the nonexistence 
results are stronger. Wan [14] proved that if there is a PP of Fp of the form xm + ax, 
where m > 1 and a ∈ F

∗
p, then p −1 ≤ (m −1)gcd(m −1, p −1). Turnwald [13] considered 

f = xm + axn ∈ Fp[x], where m > n > 0 and a ∈ F
∗
p, and proved that f is a PP of 

Fp implies p < m ·max(n, m − n). Masuda and Zieve [9] improved Turnwald’s bound to 
p − 1 < (m − 1) · max{n, gcd(m − n, p − 1)}.

Let r ≥ 2. In [2], Carlitz proved that the binomial x1+ q−1
2 +ax (q odd, a �= 0) cannot be 

a PP of Fqr , and he raised the same question for x1+ q−1
3 +ax (q ≡ 1 (mod 3), a �= 0). Wan 

[14,15] answered Carlitz’s question by showing that x1+ q−1
3 + ax (q ≡ 1 (mod 3), a �= 0) 

cannot be a PP of Fpr . Kim and Lee [7] proved that x1+ q−1
5 + ax (q ≡ 1 (mod 5), a �= 0) 

cannot be a PP of Fqr for p �= 2. More generally, one may consider x1+ q−1
m + ax ∈ Fq[x], 

where q ≡ 1 (mod m), m ≥ 2, a �= 0. Clearly, if m = q−1
pi−1 , where Fpi ⊂ Fq, then 

x1+ q−1
m + ax = xp

i + ax, which is a PP of Fqr if and only if (−a)(qr−1)/(pi−1) �= 1. When 
1 + q−1

m is not a power of p, it is not known if the binomial can be a PP of Fqr .
Let f = xm+axn ∈ Fq[x], where m > n > 0 and a ∈ F

∗
q . The conditions that make f a 

PP of Fq are encoded in a simple set of parameters m, n, q, a in a mysterious way that is 
not well understood on the whole. However, when m and n take certain particular forms, 
necessary and sufficient conditions for f to be a PP of Fq have been found. Niederreiter 
and Robinson [10] proved that x q+1

2 +ax ∈ Fq[x] (q odd, a ∈ F
∗
q) is a PP of Fq if and only 

if a2 − 1 is a square in F∗
q ; also see [2]. Akbary and Wang [1] considered binomials of the 

form f = xr(1 + xes), where e, r, s are positive integers such that s | q− 1, gcd(r, s) = 1, 
gcd(2e, q−1

s ) = 1. They found sufficient conditions for f to be a PP of Fq in terms of the 
period of the generalized Lucas sequence. The conditions are not entirely explicit, but 
their special cases do give explicit classes of permutation binomials of Fq. The sufficient 
conditions in [1] were later weakened by Wang [16] to conditions that are both necessary 
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