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The hyperharmonic numbers hY” are defined by means of
the classical harmonic numbers. We show that the Euler-type
sums with hyperharmonic numbers:

oo h&r)
o(r,m) = Z T
n=1 n

can be expressed in terms of series of Hurwitz zeta function
values. This is a generalization of a result of Mez$ and Dil
(2010) [7]. We also provide an explicit evaluation of o(r,m)
in a closed form in terms of zeta values and Stirling numbers
of the first kind. Furthermore, we evaluate several other series
involving hyperharmonic numbers.
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1. Introduction

In this paper we are interested in Euler-type sums with hyperharmonic numbers

o(r,m). Such series could be of interest in analytic number theory. We will show that
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these sums are related to the values of the Riemann zeta function. In [7] the authors
considered the case r = 1. Here we extend this result to r» > 1.

In the second section we express o(r,m) as a special series involving zeta values. In
the third section we evaluate o(r,m) as a finite sum including Stirling numbers of the
first kind, zeta values, and values of the digamma (psi) function.

In the last fourth section we use certain integral representations to evaluate several
series with hyperharmonic numbers. For example,

oo hglr) 71_2

nn+1)...(n+r) 6r!

n=1

and

S AIBr+1,n+1)=1

n=1

where r € Ny := NU{0} and B(r,n) is the Beta function.
1.1. Definitions and notation

The n-th harmonic number is defined by

H, = (neN:={1,2,3,...}), (1)

(]
==

k

1

where the empty sum Hj is conventionally understood to be zero.
Starting with h;o) = % (n € N), the n-th hyperharmonic number hg) of order r is
defined by (see [4], see also [7]):

W =3 "h{™Y (reN). (2)

It is easy to see that Ay := H,, (n e N).
These numbers can be expressed in terms of binomial coefficients and ordinary har-
monic numbers (see [4,7]):

n+r—1
hg) = ( r—1 >(Hn+rl - HT71)~ (3)

The well-known generating functions of the harmonic and hyperharmonic numbers
are given as

ZHOU ~In(l-2) (4)

1—=x
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